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ON THE PRIME GRAPH QUESTION FOR INTEGRAL GROUP RINGS
OF 4-PRIMARY GROUPS I
ANDREAS BA¨CHLE AND LEO MARGOLIS
Abstract. We study the Prime Graph Question for integral group rings. This question can
be reduced to almost simple groups by a result of Kimmerle and Konovalov. We prove that
the Prime Graph Question has an affirmative answer for all almost simple groups having a
socle isomorphic to PSL(2, pf ) for f ≤ 2, establishing the Prime Graph Question for all groups
where the only non-abelian composition factors are of the aforementioned form. Using this, we
determine exactly how far the so-called HeLP method can take us for (almost simple) groups
having an order divisible by at most 4 different primes.
1. Introduction
Let G be a finite group. The integral group ring ZG of G comes with a natural augmentation map
ε : ZG→ Z :
∑
g∈G
zgg 7→
∑
g∈G
zg.
This map is a ring homomorphism, hence every unit of ZG is mapped to 1 or −1, so up to a sign
every unit of ZG lies in V(ZG) – the units of augmentation 1, also called normalized units.
The connections between the properties of G and V(ZG) inspired a lot of interesting research,
culminating in Weiss’ results on p-adic group rings of nilpotent groups [Wei88, Wei91], Hertweck’s
counterexample to the isomorphism problem [Her01] and Jespers’ and del Rı´o’s comprehensive
books [JdR16a, JdR16b], among others. Concerning the finite subgroups of V(ZG) the major
open question today is the Zassenhaus Conjecture [Zas74], also known as the first Zassenhaus
Conjecture:
Zassenhaus Conjecture (ZC). For any u ∈ V(ZG) of finite order, there exist an element g ∈ G
and a unit x in the rational group algebra QG such that x−1ux = g.
In case such g and x exist for a torsion unit u, the elements g and u are said to be rationally
conjugate. This conjecture has been proven, e.g. for all nilpotent groups [Wei91], groups having a
normal Sylow subgroup with abelian complement [Her06] and cyclic-by-abelian groups [CMdR13].
The conjecture is known for the simple groups PSL(2, p) for primes p ≤ 23, see [BM17] for
references. But in general this conjecture remains widely open. As a first step towards the
Zassenhaus Conjecture W. Kimmerle proposed the following question [Kim06]:
Prime Graph Question (PQ). If V(ZG) contains a unit of order pq, does G have an element
of order pq, where p and q are different primes?
This is the same as to ask whether G and V(ZG) have the same Prime Graph. The Prime Graph
of a group X is the graph Γ(X) whose vertices are the primes appearing as orders of elements of
X ; two different vertices p and q are joined by an edge if there is an element of order pq in X .
Kimmerle was probably motivated to raise this question as he proved it true for all solvable groups
[Kim06] – a class for which a solution for the Zassenhaus Conjecture seems to be out of reach.
The Prime Graph Question became even more approachable by a reduction result [KK17, Theo-
rem 2.1].
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Theorem 1.1 (Kimmerle, Konovalov). If the Prime Graph Question has an affirmative answer
for all almost simple images of G, then it has an affirmative answer for G itself.
A group G is called almost simple if it is “sandwiched” between a non-abelian simple group S and
its automorphism group, i.e. S ≃ Inn(S) ≤ G ≤ Aut(S). In this case S is the socle of G.
The Prime Graph Question has been confirmed for all Frobenius groups [Kim06] and for all
PSL(2, p), p a prime [Her07]. Furthermore, it is known to hold for almost simple groups with socle
S isomorphic to one of the 13 smaller sporadic simple groups (by work of Bovdi, Konovalov and
their collaborators, cf. [KK15] and the references therein) or to an alternating group of degree at
most 17 [BC17]. Theorem A gives together with Theorem 1.1 for the first time a positive answer
to the Prime Graph Question for finite groups with non-abelian composition factors from infinite
series of simple groups.
Theorem A. The Prime Graph Question has an affirmative answer for all almost simple groups
with socle PSL(2, pf ), if f ≤ 2.
The theorem follows from Proposition 3.4 and Theorem 3.5. This, and most of the previously
mentioned, results are achieved by extensively using the so-called HeLP method, which is discussed
in Section 2. For a finite group G denote by pi(G) the set of prime divisors of the order of G.
A group is called k-primary, if |pi(G)| = k. After Kimmerle and Konovalov had obtained their
reduction result, they investigated in the same article (almost simple) 3-primary groups. This
seemed promising as there are only eight simple groups of this kind by [Fei71, § 7] and the
Classification on Finite Simple Groups. The HeLP method turned out to be not entirely sufficient
and the result was completed by the authors using a new method, the so-called lattice method
[BM17].
After the Prime Graph Question for 3-primary groups was settled, it was natural to consider the
question for 4-primary groups – a much bigger class of groups. Lately, the prime graphs of the
almost simple 4-primary groups were investigated in [KK11]. The simple 4-primary groups were
first classified in [Shi91] and independently in [HL00], using the Classification of the Finite Simple
Groups. More arithmetic restrictions were obtained in [BCM01, Theorem 2]. There are three,
potentially infinite, series and 37 specific simple 4-primary groups. These simple groups give rise
to 123 specific and 5 series of almost simple 4-primary groups. We sum up the results relevant to
us in the following proposition:
Proposition 1.2 (Shi; Huppert, Lempken; Bugeaud, Cao, Mignotte). The almost simple 4-
primary groups G are the ones listed in Table 9 on page 23. If G = PSL(2, 2f), then either
f = 4 or 2f − 1 is a Mersenne prime; in this case 2
f+1
3 is also a prime. If G = PSL(2, 3
f) or
G = PGL(2, 3f), then either f ∈ {4, 5} or 3
f−1
2 and
3f+1
4 are both prime.
It is an open number theoretical problem, whether there are actually infinitely many 4-primary
groups as noted in the Kourovka Notebook [MK15, Problem 13.65].
This study of the Prime Graph Question for 4-primary groups is divided into two parts. In this
first part we apply the HeLP method to the almost simple 4-primary groups and determine exactly
for which of them the HeLP method suffices to answer the Prime Graph Question. For a bunch
of groups, this is straight forward and can be done by a GAP package developed by the authors
for such a purpose [BM15b, BM15a]. In these instances, the data are collected in a compact form
in Section 5. However, there are cases left requiring a more detailed study for different reasons.
Here, the arguments are given in more detail. This analysis is the starting point of part two of
this study, where the lattice method will be applied to many of the remaining cases. The results
for 4-primary groups of this part read as follows.
Theorem B. Let G be an almost simple 4-primary group. The following table shows, whether the
HeLP method is sufficient to prove the Prime Graph Question for G. A simple group S appearing
in bold indicates all almost simple groups having S as a socle. The HeLP method suffices to answer
the Prime Graph Question if and only if the isomorphism type of G appears in the left column of
the following table. If the HeLP method does not suffice to prove that there are no units of order
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pq in V(ZG) for a group G in the right column, then pq is given in italic in parentheses.
HeLP method sufficient to prove (PQ) HeLP method not sufficient to prove (PQ)
PSL(2, p), p a prime PSL(2, 2f), f ≥ 5 (6)
PSL(2, 3f), f ≥ 7 (6)
A7, A8, A9, A10
PSL(2, 25), PSL(2, 49), PSL(4, 3) PSL(3, 5) (15), PSL(3, 17) (51)
PSU(3, 5), PSU(3, 8), PSU(3, 9) PSU(3, 7) (21)
PSU(4, 3), PSU(4, 5), PSU(4, 4), PSU(5, 2)
PSp(4, 4), PSp(4, 5), PSp(4, 9), PSp(6, 2) PSp(4, 7) (35)
PΩ+(8, 2), Sz(8), G2(3),
3D4(2)
2F4(2)
′, M11, M12, J2
PSL(2, 16).2, PSL(2, 16).4 PSL(2, 16) (6)
PSL(2, 27).3, PSL(2, 27).6 PSL(2, 27) (6), PSL(2, 27).2 (6)
PSL(2, 81).2a, PSL(2, 81).4a PSL(2, 81) (6), PSL(2, 81).2b (6, 15)
PSL(2, 81).2c (6, 15), PSL(2, 81).22 (15)
PSL(2, 81).4b (15), PSL(2, 81).(2× 4) (15)
PSL(2, 243) (6), PGL(2, 243) (6, 33)
PSL(3, 4).2a, PSL(3, 4).2b, PSL(3, 4).2c PSL(3, 4) (6)
PSL(3, 4).3, PSL(3, 4).6, PSL(3, 4).S3b
PSL(3, 4).S3c, PSL(3, 4).D12
PSL(3, 7).3, PSL(3, 7).S3 PSL(3, 7) (21), PSL(3, 7).2 (21)
PSL(3, 8).2, PSL(3, 8).3, PSL(3, 8).6 PSL(3, 8) (6)
PSU(3, 4).2, PSU(3, 4).4 PSU(3, 4) (6)
Sz(32).5 Sz(32) (10)
The proof is given in Section 5. Together with the reduction in Theorem 1.1 we obtain:
Corollary C. Let G be a finite group and assume that all almost simple images of G are k-primary
with k at most 4. Assume moreover that if an almost simple image of G appears in the right column
of the table in Theorem B, then G contains elements of the orders given in parentheses. Then the
Prime Graph Question has an affirmative answer for G.
The class of 4-primary groups turns out to be a good benchmark for the power of the HeLP
method. We encounter several difficulties and limitations when applying it. Firstly the (possibly)
infinite series can be handled using generic ordinary and Brauer characters. In many cases we
needed to do manual computations, when character tables were not available in the GAP Atlas
of Group Representations [WPN+11] and the GAP character table library [Bre12]. In these cases
we use induced characters, special tables from the literature and other specific arguments. In one
situation we encounter a limit of representation theoretical knowledge, namely for the projective
symplectic group PSp(4, 7). Here the 2-Brauer table is only known up to a parameter. We show
however that the value of the parameter has no influence on the ability of the HeLP method to
answer the Prime Graph Question for this group.
In the follow-up article the Prime Graph Question will be proved for more of the almost simple
groups in question, among others for the series of all 4-primary PSL(2, 2f), Aut(PSL(2, 81)) =
PSL(2, 81).(2× 4), PSL(3, 4) and PSU(3, 7) using the lattice method.
2. HeLP Method
The main notion to study the Zassenhaus Conjecture and related questions are partial augmen-
tations. Let C be a conjugacy class in G and u =
∑
g∈G
zgg ∈ ZG. Then
εC(u) =
∑
g∈C
zg
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is called the partial augmentation of u with respect to C. Sometimes we denote it also by εc(u),
where c is an element in C. Note that for a normalized unit u we have
∑
C εC(u) = 1, summing
over all conjugacy classes C of G. The connection between rational conjugacy and partial aug-
mentations is provided by [MRSW87, Theorem 2.5]: A unit u ∈ V(ZG) of order n is rationally
conjugate to an element of G if and only if εC(u
d) ≥ 0 for all conjugacy classes C in G and all
divisors d of n. It is known in general that for a torsion unit u ∈ V(ZG) we have ε1(u) = 0, unless
u = 1, by the Berman-Higman Theorem [JdR16a, Proposition 1.5.1]. Moreover if the order of
elements in C does not divide the order of u, then εC(u) = 0 [Her07, Theorem 2.3].
A method to study the Zassenhaus Conjecture using ordinary characters of G was introduced
by Luthar and Passi in [LP89] and later extended to Brauer characters by Hertweck in [Her07].
Subsequently it became known as HeLP (HertweckLutharPassi), a name coined by Konovalov.
Let D be a K-representation of G with character χ where K is an algebraically closed field of
characteristic p ≥ 0. Then D can be linearly extended to ZG and restricted afterwards to V(ZG),
providing a K-representation, also called D, of V(ZG) with the character χ now defined on all
p-regular elements of V(ZG), i.e. those torsion units whose order is not divisible by p, see [Her07,
§ 3]. All torsion units are considered to be 0-regular. Let u ∈ V(ZG) be a torsion unit of order n,
such that n is not divisible by p. Summing over all p-regular conjugacy classes C of G we obtain∑
C
εC(u)χ(C) = χ(u). (1)
This holds for ordinary characters and also for Brauer characters by [Her07, Theorem 3.2].
In the next two paragraphs, let u ∈ V(ZG) always be a unit of order n.
Denote by A ∼ (α1, ..., αm) the fact that a diagonalizable matrix A has eigenvalues α1, ..., αm with
multiplicities. Now assume one knows, e.g. by induction, the eigenvalues of D(ud) for all divisors
d of n, apart from 1. Then one can obtain restrictions on the possible eigenvalues of D(u) in the
following way: If n = qf is a power of the prime q with D(uq) ∼ (α1, ..., αm) then there exist
β1, ..., βm such that β
q
i = αi and
D(u) ∼ (β1, ..., βm).
In case n is not a prime power and q and r are different prime divisors of n, there are integers a
and b such that aq+ br = 1. Assume that D(uaq) ∼ (α1, ..., αm) and D(u
br) ∼ (β1, ..., βm). Then,
since D(uaq) and D(ubr) are simultaneously diagonalizable, there is a permutation pi ∈ Sm such
that
D(u) = D(uaq)D(ubr) ∼ (α1βπ(1), ..., αmβπ(m)).
Usually the character ring Z[χ] of χ, i.e. the smallest ring containing the values of χ on elements
of G, allows to obtain more information on the eigenvalues of D(u) since χ(u) has to lie in Z[χ].
Comparing eigenvalues of D(u) obtained in this way with (1) one obtains restrictions on the
possible partial augmentations of u and vice versa.
Via discrete Fourier inversion this may be formalized in the following way: Denote by ζ a fixed
primitive complex n-th root of unity and by ξ some complex n-th root of unity. In case p > 0
still ξ can be understood to be a possible eigenvalue of D(u) via a fixed Brauer correspondence of
n-th roots of unity in K and C, cf. [CR90, § 17]. Denote by TrL/Q the number theoretical trace
of the field extension L/Q. Then the multiplicity µ(ξ, u, χ) of ξ as an eigenvalue of D(u), which
is a non-negative integer, is
µ(ξ, u, χ) =
1
n
∑
d|n
d 6=1
TrQ(ζd)/Q(χ(u
d)ξ−d) +
1
n
∑
C
εC(u)TrQ(ζ)/Q(χ(C)ξ
−1) ∈ Z≥0. (2)
Here the second sum runs over all conjugacy classes containing elements of order coprime to p, if
p > 0. Thus, if we know the partial augmentations of ud for all divisors d 6= 1 of n, we obtain a
system of integral inequalities for the partial augmentations of u.
While it is mostly more convenient to calculate with actual eigenvalues of representations, the
more formal formulation of the method given in (2) provides an algorithm directly implementable
in a computer program which has been done in the HeLP package [BM15b, BM15a] written by
the authors. It was programmed for the computer algebra system GAP [GAP15] and uses the
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program 4ti2 [tt] to solve integral inequalities. This package, the character table library of GAP
[Bre12] and the GAP Atlas of Group Representations [WPN+11] provide the basis of the second
part of the current paper. We give the results in a way such that they can easily be reproduced
using the package. On the other hand several results, especially for series of groups, are given in
Section 3 with complete proofs.
Notation: We will use the following notation to indicate that certain eigenvalues occur with greater
multiplicity. For a diagonalizable matrix A we write
A ∼
(
α, β, γ,m× δ1, ..., δk , n× η1, ..., ηℓ
)
to indicate that the eigenvalues of A are δ1, ..., δk (each with multiplicity m), and η1, ..., ηℓ (each
with multiplicity n), α, β and γ (all with multiplicity 1).
If C1, ..., Ck are all conjugacy classes of elements of some fixed order n in G and u ∈ ZG, we write
ε˜n(u) = εC1(u) + ...+ εCk(u).
For a conjugacy class K we denote by Kp the conjugacy class containing the p-th powers of the
elements of K. The following Lemma can be found in [BH08, Remark 6].
Lemma 2.1. Let G be a finite group, u ∈ V(ZG) a torsion unit and p a prime. Then for every
conjugacy class C of G
εC(u
p) ≡
∑
K :Kp=C
εK(u) mod p.
Assume u is of order pq, where p and q are different primes, and G contains no elements of order
pq. Then using the Berman-Higman Theorem we obtain
ε˜p(u) ≡ 0 mod p and ε˜p(u) ≡ 1 mod q.
Remark 2.2. We provide some explanations about our understanding of the HeLP method.
(1) In view of the criterion for rational conjugacy of torsion units in V(ZG) to elements of G,
it is important not only to know the partial augmentations of a torsion unit u, but also
of its powers ud, where d is a divisor of the order of u. For that reason we consider as
the possible partial augmentations for elements of order n the partial augmentations of all
ud, for all divisors d of n. Since un = 1 always, the partial augmentations of un are not
included here. Say e.g. a group possesses two conjugacy classes of involutions, 2a and 2b,
and one of elements of order 3, say 3a, and none of elements of order 6. Then a typical
tuple of possible partial augmentations of a unit u ∈ V(ZG) of order 6 looks like
(ε2a(u
3), ε2b(u
3), ε3a(u
2), ε2a(u), ε2b(u), ε3a(u)).
As above, we always list only those partial augmentations of units which might not be
equal to 0.
We call a tuple of possible partial augmentations of u ∈ V(ZG) trivial, if it coincides with
the tuple of partial augmentations of an element g ∈ G. By [MRSW87, Theorem 2.5] this
is the case if and only if this tuple consists of non-negative numbers.
(2) When we speak of the maximal possible results using the HeLP method, we include into
this all results listed so far in this paragraph. This means if u ∈ V(ZG) is a torsion unit
of order n 6= 1, then
• ε1(u) = 0 and εC(u) = 0, if a conjugacy class C consists of elements of order not
dividing n.
• u satisfies the HeLP constraints given in (2) for all ordinary characters of G and all
p-Brauer characters of G, for all primes p not dividing n.
• u satisfies Lemma 2.1.
(3) Let u ∈ V(ZG) be a torsion unit of order n and q and r different prime divisors of n.
Assume that D is a representation having a character which is rational valued on all
conjugacy classes of elements of order dividing n. By the method explained above we have
D(u) = D(uaq)D(ubr) for some integers a and b. For every fixed k, the multiplicity of all
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primitive k-th roots of unity as eigenvalues of D(uaq) and of D(uq) have to be the same,
as their trace is rational. Hence D(uaq) ∼ D(uq) and we will give in such situations the
diagonal form of D(uq) instead of the diagonal form of D(uaq).
It is in general much harder to compute Brauer tables of a group than ordinary character tables.
For this reason it is often of importance to be able to exclude some prime divisors p of the order
of G as candidates whose p-Brauer tables will provide new information for the HeLP method. If a
p-Brauer character coincides on all p-regular conjugacy classes of G with an ordinary character it
is called liftable, cf. e.g. [Whi90a], and will surely not provide new information. E.g. by the Fong-
Swan-Rukolaine Theorem [CR90, Theorem 22.1] any p-Brauer character of a p-solvable group is
liftable and one does not need to include p-Brauer tables in the computations in this case.
3. General Results
In this section we prove general results, independent of the special class of 4-primary groups.
These results turn out however to be very useful for this class of groups.
Lemma 3.1. Let G be a finite group, N a normal subgroup and p a prime. Assume N contains
exactly one conjugacy class of elements of order p, the p-rank of G/N is 1 and that G/N possesses
a representation D over a field of characteristic coprime to p such that a p-element of G/N is in
the center, but not in the kernel of D. Then units of order p in V(ZG) are rationally conjugate
to elements of G.
Proof. Let u ∈ V(ZG) be a unit of order p. Let C be the conjugacy class of elements of order p
contained in N . If this is the only class of elements of order p in G, then we are done. So assume
there are classes K1, ...,Kp−1 of elements of order p in G \N such that K
j
1 = Kj , this is possible
by the assumptions on G. We have
εC(u) + εK1(u) + ...+ εKp−1(u) = 1. (3)
Denote by pi : G→ G/N the natural projection and set D′ = D◦pi, a representation of G of degree
d, say. Let χ be the character afforded by D′. Let χ(K1) = dζ for some primitive p-th root of
unity ζ. We have
χ(u) = dεC(u) + dζεK1(u) + ...+ dζ
p−1εKp−1(u)
= d(ζ(εK1(u)− εC(u)) + ...+ ζ
p−1(εKp−1(u)− εC(u))).
Hence χ(u)/d ∈ Z[ζ]. On the other hand, χ(u) is the sum of d roots of unity and hence χ(u) = dζi
for some i. Thus
ζi = ζ(εK1(u)− εC(u)) + ...+ ζ
p−1(εKp−1(u)− εC(u)).
Considering the basis ζ, ..., ζp−1 of Z[ζ] and using (3) we obtain that exactly one of the partial
augmentations εC(u), εK1(u), ..., εKp−1(u) must be 1 while all others are 0. 
We will apply this lemma frequently for representations of degree 1 and refer to it in Table 9 along
with the character inflated to G.
To establish the results for the almost simple groups containing PSL(2, pf) we will need some
well-known properties of these groups and their representation theory which we collect for the
convenience of the reader in the following remark.
Remark 3.2. Let G = PGL(2, q) and H = PSL(2, q), where q = pf . Set d = gcd(2, p− 1). Then
|G| = (q − 1)q(q + 1) and |H | = |G|/d.
(1) The orders of elements of G are exactly the divisors of q− 1, q+1 and p, while the orders
of elements in H are exactly the divisors of (q − 1)/d, (q + 1)/d and p. The group H
possesses a partition into cyclic subgroups, so different cyclic subgroups of the same order
have trivial intersection. There are d conjugacy classes of elements of order p in H and
these classes fuse in G. If g ∈ H is of order coprime to p then g−1 is the only conjugate
of g in 〈g〉 and the conjugacy class of g is the same in G [Dic58, Chapter XII] (see also
[Hup67, II, §6 - §8]).
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(2) The outer automorphism group of H is isomorphic to Cd × Cf while the outer automor-
phism group of G is isomorphic to Cf . The group Cf is induced by the projection of
the entry-wise action of the Frobenius automorphism of Fq on the 2 × 2-matrices over
Fq [Wil09, 3.3.4]. Let σ be a generator of this group Cf . The group 〈H,σ〉 is called
PΣL(2, q). The full automorphism group of H is PΓL(2, q), the group of semilinearities of
the projective line over Fq.
(3) The natural permutation representation of H , G and PΓL(2, q) on the projective line over
Fq, which has q + 1 elements, is 2-transitive [HB82, XI, Example 1.3]. Thus modulo the
trivial representation we obtain an irreducible ordinary representation of degree q [Hup67,
V, Satz 20.2]. The character corresponding to this representation is known as the Steinberg
character. With the facts given in [HB82, XI, Example 1.3] the character values may easily
be calculated to be:
ψ(x) =


q x = 1
1 o(x) | q−1d
0 o(x) | p
−1 o(x) | q+1d .
The ordinary character tables of G and H were first computed in [Sch07] and [Jor07].
In particular for every prime r dividing q−1d and fixed conjugacy class C of elements of
order r in H there exist characters χi of degree q+1 such that χi(C) = ζ
i + ζ−i for some
fixed primitive r-th root of unity ζ and all possible i. Moreover χi(g) = 1, if g has order
p, and χi(g) = 0, if the order of g divides
q+1
d .
The general linear group GL(2, q) acts via conjugation on the Lie Algebra sl2(Fq) of
2 × 2-matrices over Fq with trace 0. The kernel of this action is exactly the center of
GL(2, q) giving a 3-dimensional Fq-representation of G, say P with character ϕ. Let g
be an element of G of order r coprime to p. Computing the eigenvalues of P (g) we find
ϕ(g) = 1 + ζ + ζ−1 for some primitive r-th root of unity ζ.
Let r be an odd prime divisor of |H | different from p. By [Bur76] any r-Brauer character
of H is liftable and any 2-Brauer character of H is liftable if and only if q ≡ −1 mod 4.
If p is odd, there are exactly two irreducible ordinary characters of H whose inductions
to G are irreducible and the induced character η is the same for both. Since both these
H-characters take different values on the conjugacy classes of elements of order p the
reduction of η modulo r will be irreducible. This implies that any r-modular Brauer
character of G is also liftable.
A proof of the following results can be found in [Her07, Propositions 6.3, 6.4, 6.7].
Proposition 3.3 (Hertweck). Let G = PSL(2, pf ) and u ∈ V(ZG) a torsion unit. Then the
following statements hold:
(1) If u is of prime order different from p, then u is rationally conjugate to an element of G.
(2) If the order of u is not divisible by p, then the order of u coincides with the order of an
element of G.
(3) If f = 1, then (PQ) has an affirmative answer for G.
With a generalization of Hertweck’s proofs of [Her07, Propositions 6.3, 6.7] we obtain the following
result for PGL(2, pf).
Proposition 3.4. Let G = PGL(2, pf ). If u ∈ V(ZG) is a torsion unit of order coprime to p, then
u has the same order as an element of G. If f = 1, the Prime Graph Question has an affirmative
answer for G and thus for any almost simple group with socle PSL(2, p).
Proof. The Zassenhaus Conjecture for small values of pf was proved in [HP72] for PGL(2, 2) ≃ S3,
in [AH88] for PGL(2, 3) ≃ S4, in [LP89] for PGL(2, 4) ≃ A5 and in [LT91] for PGL(2, 5) ≃ S5.
(ZC) for these groups may be also easily verified using HeLP.
Let first f = 1 and let u ∈ V(ZG) be of order pr for a prime r different from p. Then there are
no elements of order pr in G. Let η be the twist of the Steinberg character with the non-trivial
8 ANDREAS BA¨CHLE AND LEO MARGOLIS
character of degree 1 and let D be a representation affording η. Then η is integral and takes the
same value on both classes of involutions of G. First assume r | p− 1. Then
D(ur) ∼
(
1, ζp, ..., ζ
p−1
p
)
,
D(up) ∼
(
p+r−1
r × 1 ,
p−1
r × ζr, ζ
2
r , ..., ζ
r−1
r
)
and the sum of eigenvalues of D(u) can not be an integer, since we may assume p > 3.
Next assume r | p+ 1. Then
D(ur) ∼
(
1, ζp, ..., ζ
p−1
p
)
,
D(up) ∼
(
p−r+1
r × 1 ,
p+1
r × 1, ζr, ζ
2
r , ..., ζ
r−1
r
)
and again the sum of eigenvalues of D(u) is not an integer, since p > 3.
So let G = PGL(2, pf ) and let u ∈ V(ZG) be of order coprime to p. Let D be the 3-dimensional
p-modular representation of G described in Remark 3.2(3) with character ϕ. By Remark 3.2(1)
we may assume that u is of odd order rs where r and s are primes. Let g and h be elements of G
of order r and s respectively. Since
ϕ(us) =
(r−1)/2∑
i=1
εgi(u
s)(1 + ζir + ζ
−i
r ) = 1 +
(r−1)/2∑
i=1
εgi(u
s)(ζir + ζ
−i
r )
is the sum of exactly three r-th roots of unity and
∑(r−1)/2
i=1 εgi(u
s) = 1, we obtain that exactly
one εgi(u
s) is 1, while all others are 0 and us is rationally conjugate to an element of G. The same
applies for ur. Thus there exists a primitive rs-th root of unity ξ such that
D(ur) ∼ (1, ξr, ξ−r) and D(us) ∼ (1, ξs, ξ−s).
Since ϕ(u) is real, D(u) has the eigenvalue 1 and two primitive rs-th roots of unity as eigenvalues
which are inverses of each other. Thus there exists some k coprime with rs such that
ϕ(u) = 1 + ξk + ξ−k =
(r−1)/2∑
i=1
εgi(u)(1 + ζ
i
r + ζ
−i
r ) +
(s−1)/2∑
i=1
εhi(u)(1 + ζ
i
s + ζ
−i
s )
= 1 +
(r−1)/2∑
i=1
εgi(u)(ζ
i
r + ζ
−i
r ) +
(s−1)/2∑
i=1
εhi(u)(ζ
i
s + ζ
−i
s ).
Hence
ξk + ξ−k =
(r−1)/2∑
i=1
εgi(u)(ζ
i
r + ζ
−i
r ) +
(s−1)/2∑
i=1
εhi(u)(ζ
i
s + ζ
−i
s ). (4)
Consider {ξj | gcd(j, rs) = 1} as a basis of Z[ξ]. Note that a primitive r-th root of unity has
coefficient sum −(s−1) with respect to this basis, while a primitive s-th root of unity has coefficient
sum −(r− 1). Recall that ε˜r(u) denotes the sum of all partial augmentations of u at classes with
elements of order r. Then comparing coefficient sums in (4) we obtain
2 = −2(s− 1)
(r−1)/2∑
i=1
εgi(u)− 2(r − 1)
(s−1)/2∑
i=1
εhi(u) = −2(s− 1)ε˜r(u)− 2(r − 1)ε˜s(u).
Using ε˜r(u) + ε˜s(u) = 1 this implies −1 = (s − 1)(1 − ε˜s(u)) + (r − 1)ε˜s(u) and so ε˜s(u) =
−s
r−s .
A contradiction, since r and s are odd. 
Theorem 3.5. Let G be an almost simple group with socle S = PSL(2, p2) for some prime p.
Then the Prime Graph Question has an affirmative answer for G.
Proof. If p = 2, then G is the alternating or symmetric group of degree 5. In that case even the
Zassenhaus Conjecture holds forG [LP89, LT91]. If p = 3, then S is the alternating group of degree
6 and the Prime Graph Question has been answered for all possibilities of G [Her08, KK15, BM17].
So assume p ≥ 5.
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We will use the facts given in Remark 3.2(2). Let g be an involution in PGL(2, p2) not ly-
ing in PSL(2, p2) and let σ be the automorphism of S induced by the Frobenius automorphism
of Fp2 . Then the outer automorphism group of S is generated by g and σ, modulo the in-
ner automorphisms, and is isomorphic to the Klein four group, see [HB82, XI, Example 1.3].
We will use the names for the groups given in Fig. 1 where PGL(2, p2) = 〈PSL(2, p2), g〉 and
PΣL(2, p2) = 〈PSL(2, p2), σ〉.
Figure 1. Almost simple groups containing PSL(2, p2), indices of successive
groups are 2.
PΓL(2, p2)
♣♣
♣♣
♣♣
♣♣
♣♣
♣
▲▲
▲▲
▲▲
▲▲
▲▲
PGL(2, p2)
◆◆
◆◆
◆◆
◆◆
◆◆
◆
PΣL(2, p2) M(p2)
rr
rr
rr
rr
rr
PSL(2, p2)
Let q and r be different primes dividing the order of S. Then S contains elements of order qr if and
only if q and r both divide p
2−1
2 or both divide
p2+1
2 . Moreover PGL(2, p
2) contains an element
of order 2q for any q 6= p, cf. Remark 3.2(1), and PΣL(2, p2) contains elements of order 2p and
2q whenever q | p
2−1
2 , since σ commutes exactly with the elements lying in the natural subgroup
PSL(2, p). Note that if C1 and C2 are different conjugacy classes in PSL(2, p
2) of elements of
prime order q 6= p, then they are still different classes in PGL(2, p2) by Remark 3.2(1). They fuse
into one class in PΣL(2, p2), M(p2) and PΓL(2, p2) if and only if the p-th powers of elements in
C1 lie in C2, in particular q |
p2+1
2 . This can be seen when thinking of the elements of C1 as
diagonalized matrices (if necessary over a bigger field). Then σ is conjugating such an element to
its p-th power. Note that all elements of prime order in M(p2) already lie in S. This is clear for
elements of odd order and follows for involutions from [Gor69, End of proof of Lemma 2.3].
Let q | p
2+1
2 and 2 6= r |
p2−1
2 be primes. By the discussion above it suffices to prove that the
following units u ∈ V(ZG) do not exist:
• G = PΓL(2, pf) and u has order qr, pq or pr.
• G =M(p2) and u has order 2p or 2q.
• G = PGL(2, p2) and u has order 2p.
• G = PΣL(2, p2) and u has order 2q.
We will consider all these cases, some of them simultaneously.
First let G = PΓL(2, p2) and q | p
2+1
2 and r |
p2−1
2 be odd primes. Let ψ be the p-modular Brauer
character of G of degree 6 induced from the Brauer character ϕ of PGL(2, p2) having degree 3
described in Remark 3.2(3). Let D be a representation affording ψ. We will show first that units
of order r and q in V(ZG) are rationally conjugate to elements of G. If v ∈ V(ZG) has order r and
g is an element of order r in G then g lies in PGL(2, p2) and ψ(g) is just twice the value of ϕ(g).
We thus can argue in the same way as in the proof of Proposition 3.4 to prove that v is rationally
conjugate to an element of G. If v is of order q, let g be an element of order q in G. Then there
exists a primitive q-th root of unity ξ such that D(g) ∼ (1, ξ, ξ−1, 1, ξp, ξ−p). Let C1, ..., Ck be the
conjugacy classes of elements of order q in G such that gi ∈ Ci for all i. Then
ψ(v) = 2 +
∑
i
εCi(v)
(
ξi + ξ−i + ξip + ξ−ip
)
.
Viewing {ξi + ξ−i + ξip + ξ−ip | (i, q) = 1} as a basis of Z[ξ + ξ−1 + ξp + ξ−p], using the fact that∑
i εCi(v) = 1 and that ψ(v) is the sum of exactly 6 roots of unity, we obtain that v is rationally
conjugate to an element in G.
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Assume now that u ∈ V(ZG) is a unit of order qr. Let ζ be a primitive qr-th root of unity.
For g ∈ G of order r we have ψ(g) = 2(1 + ζqi + ζ−qi) for some i coprime to r and for h ∈ G
of order q we have ψ(h) = 2 + ζrj + ζ−rj + ζprj + ζ−prj for some j coprime to q. Consider
B = {ζi+ζ−i | (i, qr) = 1} as a Z-basis of Z[ζ+ζ−1]. Then by the above and using ε˜r(u)+ε˜q(u) = 1
the coefficient sum of ψ(u) expressed with respect to the basis B is exactly
ε˜r(u) ((q − 1)(r − 1)− 2(q − 1)) + ε˜q(u)((q − 1)(r − 1)− 2(r − 1))
=(q − 1)(r − 1)− 2(q − 1)ε˜r(u)− 2(r − 1)(1− ε˜r(u))
=(q − 3)(r − 1) + 2(r − q)ε˜r(u). (5)
On the other hand from the fact that ur and uq are rationally conjugate to elements of G we
conclude that there exists an i coprime to r and a j coprime to q such that
D(uq) ∼ (1, 1, ζqi, ζ−qi, ζqi, ζ−qi), D(ur) ∼ (1, 1, ζrj, ζ−rj , ζprj , ζ−prj).
Then ψ(u) is either the sum of 2 and four primitive qr-th roots of unity or the sum of two
primitive r-th roots of unity, two primitive q-th roots of unity and two primitive qr-th roots
of unity. Comparing the corresponding coefficient sum expressed with respect to B to the sum
computed in (5) we find in the first case
(q − 1)(r − 1) + 2 = (q − 3)(r − 1) + 2(r − q)ε˜r(u) ⇔ ε˜r(u) =
r
r − q
,
a contradiction. In the second case we obtain
−(q − 1)− (r − 1) + 1 = (q − 3)(r − 1) + 2(r − q)ε˜r(u).
The left hand side of this equation is odd, while the right side is even, so u does not exist.
Now assume that u ∈ V(ZG) is of order pq, for a prime q | p
2+1
2 . Denote by C the conjugacy class
of elements of order p in G and let ζ be a primitive pq-th root of unity. We will use the ordinary
character χ1 of PSL(2, p
2) of degree p2 + 1 described in Remark 3.2(3). It takes the value 0 on
each conjugacy class of elements of order q, if q | p
2+1
2 , and the sum of two primitive r-th roots of
unity, if r | p
2−1
2 . Recall that χ1(g) = 1 for elements of order p. Let χ be the character induced
from χ1 on G. Computing several multiplicities of eigenvalues of a representation realizing χ using
(2) we obtain
µ(ζp, u, χ) =
1
pq
(
4(p2 + 1) + TrQ(ζq)/Q(4) + εC(u)TrQ(ζ)/Q(4ζ
−p)
)
=
4
pq
(
p2 + p− (p− 1)εC(u)
)
,
µ(1, u, χ) =
1
pq
(
4(p2 + 1) + TrQ(ζq)/Q(4) + εC(u)TrQ(ζ)/Q(4)
)
=
4
pq
(
p2 + p+ (p− 1)(q − 1)εC(u)
)
Since εC(u) ≡ 0 mod p by Lemma 2.1 and p ≥ 5 these multiplicities imply εC(u) ∈ {0, p}, since
otherwise one of the multiplicities is negative. But since also εC(u) ≡ 1 mod q by Lemma 2.1 we
get q | p
2−1
2 , contradicting our assumption on q.
So assume u ∈ V(ZG) is a unit of order pr with an odd prime r | p
2−1
2 . Denote by χ the
character of G obtained from inducing the sum of all Galois conjugates of χ1. Thus χ has degree
4(p2+1) · r−12 , χ(g) = −4, if g is of order r, and χ(h) = 4 ·
r−1
2 for every h of order p. Using again
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(2) and εC(u) + ε˜r(u) = 1 we obtain
µ(ζp, u, χ) =
1
pr
(
4(p2 + 1)
r − 1
2
+ TrQ(ζr)/Q
(
4
r − 1
2
)
+TrQ(ζp)/Q(−4ζ
p)
+ εC(u)TrQ(ζ)/Q
(
4
r − 1
2
ζ−p
)
+ ε˜r(u)TrQ(ζ)/Q(−4ζ
−p)
)
=
4
pr
(
p(p+ 1)
r − 1
2
+ p− (
r + 1
2
)(p− 1)εC(u)
)
,
µ(1, u, χ) =
1
pr
(
4(p2 + 1)
r − 1
2
+ TrQ(ζr)/Q
(
4
r − 1
2
)
+TrQ(ζp)/Q(−4)
+ εC(u)TrQ(ζ)/Q
(
4
r − 1
2
)
+ ε˜r(u)TrQ(ζ)/Q(−4))
)
=
4
pr
(
p(p+ 1)
r − 1
2
− p(r − 1) + (
r2 − 1
2
)(p− 1)εC(u)
)
.
Since p ≥ 5 and εC(u) ≡ 0 mod p and εC(u) ≡ 1 mod r not both these multiplicities can
simultaneously be non-negative integers, completing the proof of the Prime Graph Question for
G = PΓL(2, p2).
Assume next that G =M(p2) or G = PGL(2, p2) and u has order 2p. We will use the character χ,
which is the induced character of the character χ1 of degree p
2+1 of S described in Remark 3.2(3).
Denote by 2a the conjugacy class of involutions in G which lie already in S and by 2b the other class
of involutions in G, if G = PGL(2, p2). If G =M(p2), the unique class of involutions is contained
in S and the class 2b can just be ignored in the following computations (see the discussion following
Fig. 1). Denote by C again the class of elements of order p. Then χ(2a) = −4, χ(C) = 2 and
χ(2b) = 0. There is a character τ containing S in its kernel and mapping elements outside of S
to −1. By Lemma 3.1 up is then rationally conjugate to an element of G. Assume first that up is
rationally conjugate to an element of 2a. From τ we then get
ε2a(u) + εC(u)− ε2b(u) = 1
and since u is normalized this implies ε2b(u) = 0 and ε2a(u) = 1−εC(u). Denoting by ζ a primitive
2p-th root of unity and computing again multiplicities of certain roots of unity as eigenvalues of
u under a representation realizing χ we obtain
µ(−1, u, χ) =
1
2p
(
2(p2 + 1) + TrQ/Q((−4) · (−1)) + TrQ(ζ2)/Q(2)
+ εC(u)TrQ(ζ)/Q(2 · (−1)) + ε2a(u)TrQ(ζ)/Q(−4 · (−1))
)
=
1
p
(
p2 + 3p− 3(p− 1)εC(u)
)
,
µ(1, u, χ) =
1
2p
(
2(p2 + 1) + TrQ/Q(4) + TrQ(ζ2)/Q(2)
+ εC(u)TrQ(ζ)/Q(2) + ε2a(u)TrQ(ζ)/Q(−4)
)
=
1
p
(
p2 − p+ 3(p− 1)εC(u)
)
.
Since p ≥ 5 this contradicts εC(u) ≡ 0 mod p and εC(u) ≡ 1 mod 2 and the fact that both
expressions are non-negative.
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So assume up is rationally conjugate to elements in 2b. Then form τ we get ε2b(u) = 1 and
ε2a(u) = −εC(u). Computing the multiplicities as above we obtain
µ(−1, u, χ) =
1
2p
(
2(p2 + 1) + TrQ(ζ2)/Q(2)
+ εC(u)TrQ(ζ)/Q(2 · (−1)) + ε2a(u)TrQ(ζ)/Q(−4 · (−1))
)
=
1
p
(p2 + p− 3(p− 1)εC(u)),
µ(1, u, χ) =
1
2p
(
2(p2 + 1) + TrQ(ζ2)/Q(2)
+ εC(u)TrQ(ζ)/Q(2) + ε2a(u)TrQ(ζ)/Q(−4)
)
=
1
p
(p2 + p+ 3(p− 1)εC(u)).
This contradicts once again εC(u) ≡ 0 mod p and εC(u) ≡ 1 mod q and the non-negativity of
the multiplicities.
So finally let G = PΣL(2, p2) or G = M(p2) and let u be of order 2q where q | p
2+1
2 is an odd
prime. Denote by 2a again the conjugacy class of involutions in G which lie in S and by 2b and
2c the other conjugacy classes of involutions in G, if G = PΣL(2, p2). If G = M(p2), the group
has a unique class of involutions and the classes 2b and 2c can again be ignored in the following
computations (see the discussion following Fig. 1). Let C1, ..., Ck be the conjugacy classes of
elements of order q in G such that for some fixed elements g of order q we have gi ∈ Ci. Denote by
ψ the character induced from the 3-dimensional p-modular character ϕ of S = PSL(2, p2) described
in Remark 3.2(3) and by τ the character containing S in the kernel and sending elements outside
of S to −1. Since
τ(uq) = ε2a(u
q)− ε2b(u
q)− ε2c(u
q) ∈ {±1}
and uq is normalized, we get ε2a(u
q) ∈ {0, 1}. Now ψ(2a) = −2, ψ(2b) = ψ(2c) = 0 and
ψ(Ci) = 2 + ζ
i + ζ−i + ζip + ζ−ip for some fixed q-th root of unity ζ. Consider B = {ζi + ζ−i +
ζip + ζ−ip|(i, q) = 1} as a basis of Z[ζ + ζ−1 + ζp + ζ−p] and let D be a representation realizing
ψ. Separating the cases ε2a(u
q) = 1 and ε2a(u
q) = 0 we have
D(uq) ∼ (1, 1,−1,−1,−1,−1) and D(uq) ∼ (1, 1, 1,−1,−1,−1)
respectively. In any case u2 is rationally conjugate to an element of G, which we can prove as in
the case of G = PΓL(2, p2) and this implies the existence of some i coprime to q such that
D(u2) ∼ (1, 1, ζi, ζ−i, ζip, ζ−ip).
Since ψ(u) is in the Z-span of B we get
D(u) ∼ (1, 1,−ζi,−ζ−i,−ζip,−ζ−ip).
Thus the coefficient sum of ψ(u) with respect to B is 2 · (− q−14 )− 1 = −
q+1
2 . Moreover from the
eigenvalues of D(u) we deduce that ε2a(u
q) = 1. Then τ(uq) = 1 and this yields
1 = τ(u) = ε2a(u) + ε˜q(u)− ε2b(u)− ε2c(u).
Since u is normalized, we obtain −ε2b(u)− ε2c(u) = 0 and thus ε2a(u) = 1− ε˜r(u).
On the other hand
ψ(u) = −2ε2a(u) +
∑
i
εCi(2 + ζ
i + ζ−i + ζip + ζ−ip).
Using ε2a(u) = 1− ε˜q(u), this value expressed in the basis B has coefficient sum
q − 1
2
ε2a(u)−
(
q − 3
2
)
ε˜q(u) =
q − 1
2
+ (2− q)ε˜q(u).
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Comparing this with the coefficient sum computed above this means ε˜q(u) = −
q
2−q , implying
q = 3. However q is a divisor of p
2+1
2 by assumption and any divisor d of
p2+1
2 satisfies d ≡ 1
mod 4, hence also q = 3 is impossible. 
Remark 3.6. For G = PSL(2, p3), p ≥ 3 it is not known whether the integral group ring of G
contains a normalized unit of order 2p.
4. Some particular 4-primary groups
For some almost simple 4-primary groups it is not possible to obtain the maximal information
on the Prime Graph Question the HeLP method can give using only the package [BM15b]. The
reason is mostly that some character and Brauer tables are known but not yet available in the
Character table library of GAP [Bre12] or the GAP Atlas of Group Representations [WPN+11] or
that the package [BM15b] cannot solve the underlying inequalities. These (series of) groups are
handled in the following lemmas.
Lemma 4.1. Let G be a 4-primary group isomorphic to some PSL(2, 2f), PSL(2, 3f ) or PGL(2, 3f).
Let p, q ∈ pi(G) be different primes. Then there is an element of order pq in V(ZG) if and only if
there is an element of that order in G except possibly for the following cases:
• G ≃ PGL(2, 81) and p · q = 3 · 5.
• G ≃ PGL(2, 243) and p · q = 3 · 11.
• G ≃ PSL(2, 2f) or G ≃ PSL(2, 3f) or G ≃ PGL(2, 3f) and p · q = 2 · 3.
Proof. For PSL(2, 16),PGL(2, 27) and PGL(2, 81) the result follows from Table 9.
So assume G = PSL(2, 2f) or G = PGL(2, 3f) with f ≥ 5. Let D be a representation affording
the Steinberg character of G, cf. Remark 3.2(3). For a positive integer n, let ζn denote a primitive
n-th root of unity.
First assume that G = PSL(2, 2f). By Proposition 1.2 the prime divisors of |G| are 2, 3, r = 2
f+1
3
and s = 2f − 1. By Proposition 3.3 it suffices to consider elements of order 2r and 2s. So let
u ∈ V(ZG) be a unit of order 2r or 2s. Then,
D(ur) ∼
(
2f−1 × 1 , 2f−1 × − 1
)
,
D(u2) ∼
(
1, 1, 3× ζr , ζ
2
r , ..., ζ
r−1
r
)
and
D(us) ∼
(
2f−1 × 1 , 2f−1 × − 1
)
,
D(u2) ∼
(
1, 1, ζs, ζ
2
s , ..., ζ
s−1
s
)
respectively. In any case the trace of D(u) can not be integral, contradicting the fact that the
Steinberg character only takes integral values.
Assume now that G = PGL(2, 3f). By Proposition 1.2 either f = 5 or the prime divisors of |G|
are 2, 3, r = 3
f+1
4 and s =
3f−1
2 . Note that in case f = 5 the number
3f+1
4 is also prime, while
we do not need to consider elements of order 3 · 11. Then by Proposition 3.4 it suffices in any case
to consider elements of order 3r and 3s. Suppose that u ∈ V(ZG) has order 3r or 3s. Then
D(ur) ∼
(
3f−1 × 1 , 3f−1 × ζ3, ζ23
)
,
D(u3) ∼
(
1, 1, 1, 4× ζr, ζ
2
r , ..., ζ
r−1
r
)
and
D(us) ∼
(
3f−1 × 1 , 3f−1 × ζ3, ζ23
)
,
D(u3) ∼
(
1, 1, 1, 2× ζs, ζ
2
s , ..., ζ
s−1
s
)
respectively. Again, the sum of the eigenvalues of D(u) can not be integral. 
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Remark 4.2. There are 2
f−2+1
3 possible partial augmentations for normalized torsion units of order
6 in V(ZPSL(2, 2f)) and f ≥ 5, and 3f−2+1 possible partial augmentations for normalized torsion
units of order 6 in V(ZPGL(2, 3f)) and f ≥ 5.
Assume G = PSL(2, 2f), f ≥ 5 and u ∈ V(ZG) is of order 6. Note that f is odd by Proposition 1.2.
The maximal information we can obtain on the partial augmentations of u using the HeLP method
is provided by the characters given in Table 2 since any other character of G on the classes 1a, 2a
and 3a can be written as a linear combination with non-negative integers of the trivial character
and the given ones, cf. the character table of G in [Jor07, II]. Moreover any irreducible Brauer
character in characteristic p 6= 2 is liftable by Remark 3.2(3).
Table 2. Part of the character table of PSL(2, 2f ).
1a 2a 3a
χ 2f − 1 −1 1
θ 2f − 1 −1 −2
Let D be a representation of G corresponding to the character χ. Denote by ζ a primitive 3rd
root of unity. Then
D(u3) ∼
(
2f−1 − 1× 1 , 2f−1 × − 1
)
and D(u2) ∼
(
2f+1
3 × 1 ,
2f−2
3 × ζ, ζ
2
)
.
Since the number of −1 in D(u3) is smaller than the number of ζ and ζ2 in D(u2), χ(u) attains
its maximal value when
D(u) ∼
(
2f−2 × − ζ,−ζ2 ,
(
2f−2
3 − 2
f−2
)
× ζ, ζ2 , 2
f+1
3 × 1
)
.
Thus using ε2a(u) + ε3a(u) = 1 we obtain
−ε2a(u) + ε3a(u) = −1 + 2ε3a(u) = χ(u) ≤ 2
f−2 −
(
2f − 2
3
− 2f−2
)
+
2f + 1
3
= 2f−1 + 1
and hence ε3a(u) ≤ 2
f−2 + 1.
To minimize the value of χ(u) we have
D(u) ∼
(
1, 2
f−2
3 × − 1 ,
2f−2+1
3 × − ζ,−ζ
2 , (2f−2 − 1)× ζ, ζ2
)
.
Thus
−1 + 2ε3a(u) = χ(u) ≥ 1−
2f − 2
3
+
2f−2 + 1
3
−
(
2f−2 − 1
)
= −2f−1 + 3
and hence ε3a(u) ≥ −2
f−2 + 2. Since ε3a(u) ≡ 3 mod 6 by Lemma 2.1 this may be changed
to ε3a(u) ≥ −2
f−2 + 5. In between −2f−2 + 5 and 2f−2 + 1 there are exactly 2
f−2+1
3 integers
being congruent 3 modulo 6 and these are all legitimate possibilities for ε3a(u). Doing the same
calculations with the character θ does not give stronger bounds for ε3a(u).
Now let G = PGL(2, 3f) with f odd and let u ∈ V(ZG) of order 6. Denote by 3a the conjugacy
class of elements of order 3 in G and by 2a and 2b the conjugacy classes of involutions such that 2a
is the class in PSL(2, 3f). By the character table of G given in [Jor07, III] the maximal information
for the HeLP method can be extracted from the ordinary characters given in Table 3, since any
irreducible Brauer character in characteristic p 6= 3 is liftable by Remark 3.2(3).
Table 3. Part of the character table of PGL(2, 3f).
1a 2a 3a 2b
τ 1 1 1 −1
χ 3f − 1 2 −1 0
θ 3f − 1 −2 −1 0
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Using τ and Lemma 3.1 any involution in V(ZG) is rationally conjugate to an element of G.
Assume first that u3 ∼ 2b. Then using τ and the fact that u is normalized we get ε2b(u) = 1 and
ε2a(u) = −ε3a(u). Arguing as in the case of PSL(2, 2
f) we get
2ε2a(u)− ε3a(u) = −3ε3a(u) = χ(u) ≤
3f − 9
2
and thus ε3a(u) ≥ −
3f−1−3
2 . On the other hand
2ε2a(u)− ε3a(u) = −3ε3a(u) = χ(u) ≥ −
3f + 9
2
,
hence ε3a(u) ≤
3f−1−3
2 . Using Lemma 2.1, there are
3f−2+1
2 possibilities for ε3a(u) and this fixes
also ε2a(u). The bounds that can be obtained using θ do not give stronger restrictions on the
partial augmentations of u.
Now assume u3 is rationally conjugate to elements in 2a. Then using τ we have ε2b(u) = 0 and
hence ε2a(u) = 1− ε3a(u). Via χ we get
2ε2a(u)− ε3a(u) = 2− 3ε3a(u) = χ(u) ≤
3f − 5
2
and
2ε2a(u)− ε3a(u) = 2− 3ε3a(u) = χ(u) ≥ −
3f − 1
2
implying, using Lemma 2.1, that − 3
f−1−3
2 ≤ ε3a(u) ≤
3f−1−3
2 . This gives another
3f−2+1
2 possible
partial augmentations for u.
Let G = PSL(2, 3f) for odd f = 2e + 1 ≥ 3. As the number of admissible possibilities of partial
augmentations for normalized units of order 6 in V(ZG) depends on the number of possibilities
for units of order 3 we will show that the HeLP method does not suffice to show that there is no
unit of order 6 in V(ZG) by verifying that a unit u ∈ V(ZG) with the partial augmentations
(ε2a(u
3), ε3a(u
2), ε3b(u
2), ε2a(u), ε3a(u), ε3b(u)) = (1, 1, 0,−2, 2, 1)
can not be ruled out. As such a unit would have admissible partial augmentations in ZPGL(2, 3f ),
new obstructions can only arise from irreducible characters of G that stay irreducible after being
induced to PGL(2, 3f). These characters are listed in Table 4.
Table 4. Part of the character table of PSL(2, 3f), f = 2e+1, ζ a primitive 3rd
root of unity.
1a 2a 3a 3b
η 3
f−1
2 1
3e−1
2 + 3
eζ 3
e−1
2 + 3
eζ2
η′ 3
f−1
2 1
3e−1
2 + 3
eζ2 3
e−1
2 + 3
eζ
Let D be a representation affording η and let ζ be a fixed primitive 3rd root of unity. Assume
that D(u) has the following eigenvalues for some normalized unit u
D(u) ∼
(
32e−5
4 × 1 ,
32e+3
4 × − 1 ,
32e+3
4 × ζ, ζ
2 , 3
2e−2·3e−3
4 × − ζ ,
32e+2·3e−3
4 × − ζ
2
)
.
Then this u fulfills η(u) = 3
e−7
2 + 3
eζ = −2η(2a) + 2η(3a) + η(3b) and
D(u3) ∼ D(2a) ∼
(
3f+1
4 × 1 ,
3f−3
4 × − 1
)
,
D(u2) ∼ D(3a) ∼
(
32e−1
2 × 1 ,
3e(3e+1)
2 × ζ ,
3e(3e−1)
2 × ζ
2
)
.
So all obstructions that can be derived from the HeLP method for this character are fulfilled. We
can take the images under the non-trivial element of Gal(Q(ζ)/Q) as the eigenvalues of the image
of u under a representation affording η′, so this character can also not eliminate this possibility.
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Lemma 4.3. Let G be an almost simple group with socle S = PSL(2, 81). Then units of order
5 in V(ZG) are rationally conjugate to elements of G. If u ∈ V(ZG) is of order 15, then the
restrictions on the partial augmentations of u using the HeLP method for Brauer tables of G are
the same as when using the ordinary character table of G.
Proof. Let the outer automorphism group of S be generated by g and σ, where σ is the automor-
phism induced by the Frobenius automorphism of F81 and g is an involution in PGL(2, 81) outside
of S, see Remark 3.2(2). There are two conjugacy classes of elements of order 5 in S and these
fuse into one class in G, if and only if G/S contains elements of order 4. If there are two classes
of elements of order 5 using the 3-modular Brauer character called ϕ in Remark 3.2(3), if defined
for G, or the character induced by ϕ and performing the same computations as in the proof of
Proposition 3.4, we obtain that units of order 5 in V(ZG) are rationally conjugate to elements of
G.
All 2-modular Brauer tables are available in [Bre12], so we have to show that no new information
can be deduced for the partial augmentations of units of 15 using the 41-modular Brauer characters
of G compared to the ordinary character table. If G/S is elementary abelian, all Brauer tables of
G in characteristic 41 are available in [Bre12] and the result follows. So let G/S contain elements
of order 4. Let k be a field of characteristic 41 large enough to admit all 41-modular representation
of G. Let M be a simple kG-module, then M is also a kS-module. Looking at the Brauer table
of S and comparing it with the ordinary table of G, we obtain that the character associated to M
could only give more information, ifM would be 41-dimensional. If G/S is generated by σ, then G
has a 41-dimensional simple module, since there is even a 41-dimensional ordinary representation
of G and in this case the ordinary characters suffice to show that there are no elements of order 15
in V(ZG), cf. Table 9. However PGL(2, 81) does not possess a simple 41-dimensional 41-modular
module and thus G does not, if G/S is not generated by σ. 
For certain groups where not all characters we need are directly accesible in GAP we give expanded
arguments.
Lemma 4.4. Let G = PSL(2, 243). There are no units of order 33 in V(ZG).
Proof. The character table of G is not contained in [Bre12]. G contains exactly five conjugacy
classes of elements of order 11 and two conjugacy classes of elements of order 3. By [Sch07] G
possesses a character as given in Table 5.
Table 5. Part of the character table of PSL(2, 243).
1a 3a 3b 11a 11b 11c 11d 11e
χ 121 −1+
√−243
2
−1−√−243
2 0 0 0 0 0
This character may be used to show that there are no units of order 33 in V(ZG) via the package
[BM15b] and the following code.
gap> H := PSL(2,243);; C := CharacterTable(H);;
gap> h := Size(ConjugacyClasses(C));
124
gap> o3 := Positions(OrdersClassRepresentatives(C), 3);
[ 2, 3 ]
gap> chi := ListWithIdenticalEntries(h, 0);;
gap> chi[1] := 121;;
gap> chi[o3[1]] := (-1 + Sqrt(-243))/2;; chi[o3[2]] := (-1 - Sqrt(-243))/2;;
gap> chi := ClassFunction(C, chi);;
gap> HeLP_WithGivenOrderSConstant([chi], 11, 3);;
#I Number of solutions for elements of order 33: 0; stored in HeLP_sol[33].

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Remark 4.5. Let G = PGL(2, 243). We will show that the HeLP method is not sufficient to prove
that there are no units if order 33 in V(ZG).
There are five conjugacy classes of elements of order 11 in G and one class of elements of order 3.
Looking at the character table of G given in [Sch07] we see that the maximal possible information
using the ordinary character table and the HeLP method can be obtained from the characters
given in Table 6.
Table 6. Part of the character table of PGL(2, 243), where z denotes some fixed
11-th root of unity.
1a 3a 11a 11b 11c 11d 11e
χ 242 −1 0 0 0 0 0
ψ1 244 1 z + z
−1 z2 + z−2 z4 + z−4 z3 + z−3 z5 + z−5
ψ2 244 1 z
2 + z−2 z4 + z−4 z3 + z−3 z5 + z−5 z + z−1
ψ3 244 1 z
4 + z−4 z3 + z−3 z5 + z−5 z + z−1 z2 + z−2
ψ4 244 1 z
3 + z−3 z5 + z−5 z + z−1 z2 + z−2 z4 + z−4
ψ5 244 1 z
5 + z−5 z + z−1 z2 + z−2 z4 + z−4 z3 + z−3
Assuming that u3 is rationally conjugate to elements in 11a the partial augmentations ε3a(u) = 12,
ε11c(u) = −11 and εC(u) = 0 for any other class C of elements of order 11 satisfy all HeLP
constraints imposed by the characters in Table 6. This can be seen with the HeLP package
[BM15b] via the following GAP code:
gap> G := PGL(2,243);; C := CharacterTable(G);;
gap> h := Size(ConjugacyClasses(C));
245
gap> o := OrdersClassRepresentatives(C);; o3 := Positions(o, 3); o11 := Positions(o, 11);
[ 245 ]
[ 2, 3, 4, 5, 6 ]
gap> chi := ListWithIdenticalEntries(h, 0);;
gap> chi[1] := 242;;
gap> chi[o3[1]] := -1;;
gap> chi := ClassFunction(C, chi);;
gap> y := E(11) + E(11)^-1;; K := Field(y);;
gap> S := GaloisGroup(K);; s := GeneratorsOfGroup(S)[1];;
gap> psi := [];; # list of the characters psi_1, ..., psi_5
gap> for j in [1..5] do psi[j]:=ListWithIdenticalEntries(h, 0); psi[j][1]:=244; psi[j][o3[1]]:=1;
> for k in [1..Size(o11)] do psi[j][o11[k]] := y^(s^(j+k)); od;
> psi[j] := ClassFunction(C, psi[j]); od;
gap> HeLP_sol[33] := [ [ [1], [1, 0, 0, 0, 0], [12, 0, 0, -11, 0, 0] ] ];
[ [ [ 1 ], [ 1, 0, 0, 0, 0 ], [ 12, 0, 0, -11, 0, 0 ] ] ]
gap> HeLP_VerifySolution(Concatenation([chi], psi), 33);
[ [ [ 1 ], [ 1, 0, 0, 0, 0 ], [ 12, 0, 0, -11, 0, 0 ] ] ]
Since every 2-Brauer character and 61-Brauer character is liftable by Remark 3.2(3), the ordinary
table of G provides the maximal information, and this finishes the proof. The number of possible
partial augmentations for elements of order 33 given in Table 9 was computed using the program
Normaliz [BIS16].
Lemma 4.6. Let G = Aut(PSL(3, 17)) or G = PSL(3, 17). Let p, q ∈ pi(G) be different primes.
Then there is an element of order pq in V(ZG) if and only if there is an element of that order in
G except possibly for p · q = 3 · 17.
Proof. Using [BCP97] or [SF73] we can calculate the characters of G = Aut(PSL(3, 17)) given in
Table 7. Applying Lemma 3.1 to the non-trivial linear character of G/PSL(3, 17) ≃ C2 (corre-
sponding to χ1) we obtain that involutions in V(ZG) are rationally conjugate to elements in G.
Let u ∈ V(ZG). Assuming u has order 2 · 307, 3 · 307 or 17 · 307 analogues calculations as in the
proof of Lemma 4.1 prove the non-existence of u.
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Table 7. Parts of the character table of Aut(PSL(3, 17)). The class 307x stands
for any class of elements of order 307, dots indicate zeros, blank spots are entries
not needed.
1a 2a 2b 3a 17a 17b 307x
χ1 1 1 −1 1 1 1 1
χ306 306 18 . . 17 . −1
χ4912 4912 16 16 1 −1 −1 .
χ9216 9216 . . . −32 2
Assume that o(u) = 2 · 307. Recall that ε˜307(u) denotes the sum of all partial augmentations of u
at classes of elements of order 307. Using that u is normalized, we have
χ1(u) = ε2a(u)− ε2b(u) + ε˜307(u) = 1− 2ε2b(u) ∈ {±1}
and thus ε2b(u) ∈ {0, 1}. We have χ4912(u
2) = 0 and χ4912(u
307) = 16. Denote by Dj a represen-
tation having character χj. Then
D4912(u
2) ∼
(
16× 1 , 16× ζ, ..., ζ306
)
,
D4912(u
307) ∼
(
2464× 1 , 2448× − 1
)
for a primitive 307-th root of unity ζ. Note that χ4912(u) = 16(ε2a(u)+ε2b(u)) ∈ Z. Hence ε2a(u)+
ε2b(u) = 1, implying (ε2a(u), ε2b(u), ε˜307(u)) ∈ {(1, 0, 0), (0, 1, 0)} contradicting Lemma 2.1.
Now assume that o(u) = 3 · 307. From the character values we get
D306(u
3) ∼
(
1× ζ, ..., ζ306
)
,
D306(u
307) ∼
(
102× 1 , 102× ξ, ξ2
)
where ζ denotes a again a primitive 307-th root of unity and ξ a primitive third root of unity. As
χ306(u) = −ε˜307(u) ∈ Z this yields a contradiction.
Now assume that o(u) = 17 · 307. Then by considering the character values we obtain
D4912(u
17) ∼
(
16× 1 , 16× ζ, ..., ζ306
)
,
D4912(u
307) ∼
(
288× 1 , 289× η, ..., η16
)
for a primitive 307-th root of unity ζ and a primitive 17-th root of unity η. Now as χ4912(u) ∈ Z,
the 288 eigenvalues 1 of D4912(u
307) have to either all be multiplied with 1’s or a whole block of
307-ths roots of unity. But as 288 < 306 and the multiplicity of the eigenvalue 1 in D4912(u
17) is
16, this is impossible. 
Remark 4.7. We will show that for G = PSL(3, 17) or G = Aut(PSL(3, 17)) the constraints
imposed by the HeLP method allow exactly 126 possible partial augmentations for elements of
order 3 · 17 = 51.
So let u ∈ V(ZG) and assume that o(u) = 51. Then using the HeLP package in the same way as
in the proof of Lemma 4.4 with the characters χ306, χ4912 and χ9216 from Table 7 one obtains that
there are exactly 126 tuples of partial augmentations admissible according to the HeLP constraints
for these three characters.
We need to show that this is the maximal possible information available using also the modular
characters. Note that we do not have to consider 17-modular characters. The decomposition
matrices of PSL(3, 17) are, in principle, given in [Jam90], but to get them explicitly requires some
computational effort, so we give other arguments.
Let G = Aut(PSL(3, 17)) and H = PSL(3, 17). The Sylow 3- and Sylow 307-subgroups of G and
H are cyclic. Thus we can investigate the 3-modular and 307-modular blocks of G and H using
the theory of Brauer Tree Algebras, cf. [CR87, § 62]. From the ordinary character table it can
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be determined which ordinary characters lie in the same block for a given prime [CR87, § 56].
By the number of 3-regular conjugacy classes in G and H and the degrees of ordinary characters
lying in the same block, we conclude that any 3-block contains at most two irreducible modular
characters, i.e. a corresponding Brauer Tree has at most 2 edges. Thus any 3-Brauer character is
liftable.
All 307-blocks apart from the main block contain exactly one irreducible ordinary character. By
the number of 307-regular conjugacy classes of G and H we conclude that the main block of G
contains six, while the main block for H consist of three irreducible modular characters. The
irreducible 306-dimensional ordinary representation of H is a deleted permutation representation
coming from the natural 2-transitive permutation action on the projective plane over F17. Thus by
[Hup67, V, Beispiel 20.3] the reduction of a corresponding lattice has a trivial constituent. This
implies that the vertices corresponding to the trivial character χ1 and the character χ306 of degree
306 are connected in the Brauer Tree of the main block of H . Since the trivial character always
sits at an end of the tree, the tree has the form
χ1 χ306 χ4913 χ4608
.
By restricting the characters of G to characters of H we obtain that the Brauer Tree of the main
block of G looks as follows:
χ1 χ306 χ4913 χ9216 χ4913′ χ306′ χ1′
.
We conclude that H possesses one irreducible 307-modular Brauer character that can not be
lifted, while G possesses four. These four however fall into pairs coinciding on the conjugacy
classes of elements of order 3 and 17. All of these characters however can not exclude any partial
augmentation computed before.
All 2-modular characters of H are liftable, but the arguments here are more elaborated. The main
block is the only block possessing more than one irreducible Brauer character, namely three. Just
from comparing character values we get the following decomposition matrix D, where repeating
lines are omitted.
D =


1 0 0
a1 a2 a3
1 + a1 a2 a3
b1 b2 b3
1 + b1 b2 b3
1 + a1 + b1 a2 + b2 a3 + b3
2 + 2a1 + b1 2a2 + b2 2a3 + b3


The second line of D corresponds to the canceled natural permutation module on the 307 points of
the projective plane over F17. This action is 2-transitive and a short computations implies that this
is a simple F2H-module, a 306-dimensional invariant space is spanned by the vectors containing
an odd number of 0’s. Thus a1 = a3 = 0 and a2 = 1. The fifth line of D corresponds to the
Steinberg character of H and from [His90, Theorem A], we get b1 = 0. Since the decomposition
matrix of H can be brought to be in unitriangular form by [Dip85, Theorem 3.8] we obtain b3 = 1.
By dimensions of degrees we obtain then b2 ≤ 16. Since the determinant of the Cartan matrix
D ·Dt is a power of 2 [CR90, Theorem 18.25] this implies b2 = 0 and we are done.
For G and for the prime 2 also only the main block contains more then one irreducible Brauer
character. From the dimensions of the representations in the main block it follows that apart from
a 4912-dimensional irreducible Brauer character corresponding to the 4912-dimensional character
in the main block of H , any irreducible Brauer character is liftable. This character does not
provide new information on the possible partial augmentations of units of order 51.
Lemma 4.8. Let G be PSp(4, 7) or Aut(PSp(4, 7)) and let p, q ∈ pi(G) different primes. Then
there are normalized units of order p · q in V(ZG) if and only if there exist elements of this order
in G except possibly for p · q = 5 · 7.
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Proof. For both groups the ordinary character tables and one character in characteristic 7 are
available in [WPN+11]. We will exclude the existence of normalized units of order 2·5 in ZPSp(4, 7)
and 3 · 5 in ZAut(PSp(4, 7)).
First let G = PSp(4, 7) and assume that u ∈ V(ZG) is of order 10. Note that G contains two
conjugacy classes of elements of order 2, which can be distinguished by the sizes of their centralizers,
and one conjugacy class of elements of order 5. To disprove the existence of u we use an ordinary
character χ of degree 175, which is uniquely determined by its values on involutions, together with
a 7-Brauer character ϕ coming from the isomorphism PSp(4, 7) ≃ Ω(5, 7). The values of these
characters are given in Table 8.
gap> C := CharacterTable("S4(7)");;
gap> oC := OrdersClassRepresentatives(C);;
gap> G := AtlasGroup("S4(7)", Characteristic, 7, Dimension, 5);;
gap> CC := ConjugacyClasses(G);;
gap> oG := List(CC, C -> Order(Representative(C)));;
gap> phi := ListWithIdenticalEntries(Size(Irr(C)), 0);;
gap> phi[1] := BrauerCharacterValue(Representative(CC[Position(oC, 1)]));;
gap> phi[Position(oC, 5)] := BrauerCharacterValue(Representative(CC[Position(oG, 5)]));;
gap> for j in Positions(oG, 2) do for k in Positions(oC, 2) do
> if SizesCentralizers(C)[k] = Order(Centralizer(G, Representative(CC[j]))) then
> phi[k] := BrauerCharacterValue(Representative(CC[j]));
> fi; od; od;
gap> phi := ClassFunction(C, phi);;
gap> HeLP_WithGivenOrder([phi], 2);;
#I Number of solutions for elements of order 2: 3; stored in HeLP_sol[2].
gap> chi := First(Irr(C), x -> x{Positions(oC,2)} = [31, 7]);;
gap> HeLP_WithGivenOrder([ chi, phi ], 2*5);;
#I Number of solutions for elements of order 10: 0; stored in HeLP_sol[10].
Table 8. Parts of some characters of G ∈ {PSp(4, 7),Aut(PSp(4, 7))}.
(a) G = PSp(4, 7)
1a 2a 2b 5a
χ = χ8/175b 175 31 7 0
ϕ 5 −3 1 0
(b) G = Aut(PSp(4, 7))
1a 3a 3b 5a
χ′ = χ3/50 50 2 8 0
ϕ′ 5 2 −1 0
Now assume that G = Aut(PSp(4, 7)) and that u ∈ V(ZG) is of order 15. The character table of
G is available in GAP via the command CharacterTable("S4(7).2");. With a similar code as
above one can exclude the existence of units of order 15 in ZG using the 7-Brauer character ϕ′ for
elements of order 3 and the characters ϕ′ and χ′ for elements of order 15. The relevant values are
given in Table 8. Note that the conjugacy classes of elements of order 3 can be distinguished by
the structures of their centralizers, in particular by the number of involutions contained therein,
or by power maps: the class 3b contains all 16th powers of elements of order 48. 
Remark 4.9. Let G = PSp(4, 7) or G = Aut(PSp(4, 7)). The HeLP method is not sufficient to
decide if there exist units of order 5 · 7 = 35 in V(ZG).
First let G = PSp(4, 7). Since there is only one conjugacy class of elements of order 5 in G,
we do not need to consider 7-modular Brauer characters. The irreducible 3-modular and 5-
modular Brauer characters of G are known. Every irreducible 3-modular Brauer character is
liftable by [Whi90b, Theorem 4.1] and there are excatly two non-liftable irreducible 5-modular
Brauer characters by [Whi92, Theorem 3.9]. These can be obtained in GAP via the code given
below and are called eta1 and eta2 there. The irreducible 2-modular Brauer characters are not
completly known, to our knowledge. They are determined in [Whi90a, Theorem 3.1] up to an
parameter x which for our G can take values 1, 2 or 3. The constraints for x = 1 and x = 2 are
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weaker then for x = 3 and it thus will suffice to consider the case x = 3, since we show the existence
of non-trivial solutions. Then there are five non-liaftable irreducible 2-modular Brauer characters
of G called ϕ1 to ϕ5 in [Whi90a, Theorem 3.1]. Note that ϕ4 and ϕ5 are liftable as characters
of the corresponding symplectic group, but not as characters of the projective symplectic group.
The HeLP restrictions provided by these characters leave exactly 9 possible non-trivial partial
augmentations for elements of order 35 in V(ZG). Thus the following code demonstrates that
there are 9 possible non-trivial partial augmentations satisfying the HeLP constraints for elements
of order 35 in V(ZG).
gap> C := CharacterTable("S4(7)");;
gap> eta1 := Irr(C)[9] - Irr(C)[1];;
gap> eta2 := Irr(C)[37] - Irr(C)[4];; # 5-modular Brauer characters
gap> phi4 := Irr(C)[2] - Irr(C)[1];;
gap> phi5 := Irr(C)[3] - Irr(C)[1];;
gap> phi6 := Irr(C)[4];;
gap> phi3 := Irr(C)[7] - Irr(C)[1];;
gap> x := 3;;
gap> phi1 := Irr(C)[18] - (x-1)*phi6;;
gap> phi2 := Irr(C)[19] - (x-1)*phi6;; # 2-modular Brauer characters
gap> L5 := [eta1, eta2];;
gap> L2 := [phi1, phi2, phi3, phi4, phi5];;
gap> HeLP_WithGivenOrder(Concatenation(Irr(C), L2, L5), 7);;
#I Number of solutions for elements of order 7: 4706; stored in HeLP_sol[7].
gap> HeLP_WithGivenOrder(Concatenation(Irr(C), L2), 5*7);;
#I Number of solutions for elements of order 35: 9; stored in HeLP_sol[35].
For G = Aut(PSp(4, 7)) analogues computations demonstrate that there are 4 possible non-trivial
partial augmentations satisfying the HeLP constraints. The irreducible Brauer characters can be
derived from the ordinary table and the arguments above. In particular an irreducible 2-modular
Brauer character of PSp(4, 7) induced to G is irreducible if and only if it is rational-valued on the
conjugacy classes of elements of order 7.
Example 4.10. We give an explicit example how the HeLP package can be used to check the
information given in Table 9.
gap> LoadPackage("help");;
gap> C := CharacterTable("L2(81).(2x4)");;
gap> HeLP_WithGivenOrder(C, 15);
#I Number of solutions for elements of order 15: 1; stored in HeLP_sol[15].
[ [ [ 1 ], [ 1 ], [ 6, -5 ] ] ]
gap> HeLP_WithGivenOrder(Irr(C){[13, 33]}, 15);;
#I Number of solutions for elements of order 15: 1; stored in HeLP_sol[15].
gap> HeLP_WithGivenOrderSConstant(Irr(C){[9]}, 41, 3);;
#I Number of solutions for elements of order 123: 0; stored in HeLP_sol[123].
gap> HeLP_WithGivenOrderSConstant(Irr(C){[9]}, 41, 5);;
#I Number of solutions for elements of order 205: 0; stored in HeLP_sol[205].
Example 4.11. We give an example, how induced characters can be used in the package. This
is necessary for some groups. More specifically, we will prove here that for G = Aut(PSU(3, 8))
there are no elements of order 7 · 19 in V(ZG).
gap> C := CharacterTable("U3(8)");;
gap> G := PSU(3,8);;
gap> A := AutomorphismGroup(G);;
gap> AllCharacterTableNames(Size,Size(A));
[ "3.U3(8).6", "3.U3(8).S3" ]
#This means: The character table of the automorphism group A of PSU(3,8) is not available in GAP.
gap> NN := Filtered(NormalSubgroups(A), N -> Order(N) = Order(G));
[ <group of size 5515776 with 2 generators> ]
gap> H := NN[1];; #Subgroup of A isomorphic to G
gap> CharacterTableWithStoredGroup(H,C);;
gap> D := CharacterTable(H);;
gap> chi := InducedClassFunction(Irr(D)[2],A);;
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gap> HeLP_WithGivenOrder([chi],7*19);;
#I Number of solutions for elements of order 133: 0; stored in HeLP_sol[133].
5. Proof of Theorem B
To prove Theorem B we give in Table 9 below the complete information for all almost simple
4-primary groups in a compact form such that the results are easy to reproduce1. For every simple
4-primary group S, it contains every 4-primary subgroup of Aut(S) up to isomorphism. Almost
simple groups having the same socle are grouped together and are separated by a single line, while
groups having different socles are separated by two lines. It is to read in the following way.
• The first column contains one or more names of the group. If the ordinary character
table of the group is available in the GAP character table library, a name of it from that
library is given in quotes. For instance, the character table of Aut(PSL(2, 16)) can then
be obtained in GAP by CharacterTable("L2(16).4");.
• The second column contains the prime graph of the group.
• The third column records which orders of torsion units need to be checked to obtain a
positive answer to the Prime Graph Question for the given group. The critical order is
only given for the biggest group it has to be checked (in case the existence of units of that
order can be excluded for that group). So if H is a subgroup of G such that G and H
both contain elements of order p and q, but not of order pq, the entry pq will only appear
for G. E.g. A7 and S7 both contain involutions and elements of order 7, but not of order
2 · 7. So 2 · 7 will appear for S7, but not for A7. While 2 · 5 appears for A7, but not for
S7, since S7 contains elements of order 10. The column sometimes also contains primes.
A prime p appears, if the partial augmentations of units of order p are needed to obtain
the maximal restrictions on units of order pq. E.g. to obtain that there are no units of
order 3 · 5 for PSL(2, 81).4a one needs to know the partial augmentations of units of order
3. In two cases a prime p will not appear in the column, although it appears as a factor of
p · q. This will happen if either there is only one conjugacy class of elements of order p in
the group and thus the partial augmentations are clear, or if the characters used to obtain
the information for units of order p · q are constant on all conjugacy classes of elements of
order p. In the second case the partial augmentations of units of order p do not influence
the calculations for elements of order p · q and this is also marked in the fourth column.
For the possibly infinite series appearing in the table, some of the groups in these series
contain elements of order p · q, others do not. For that reason these orders appear in
parentheses and the edge is dotted in the prime graph.
• The fourth column contains how one can obtain the information for units of the order
given in the third column. If the order is composite this information is sufficient to obtain
the maximal available information using the HeLP method. The information can be of
the following types:
– If the group has been handled before in the literature a reference is given. If only
some specific order has been handled a reference is given for this order.
– Several cases are covered by general results in this article and in this case an internal
reference is given.
– If explicit computations have to be performed a list of characters is given. For com-
posite orders these characters allow us to obtain the maximal possible information
available via the HeLP restrictions as explained in Remark 2.2. Mostly the characters
are taken from the GAP character table library. χn/mα denotes the n-th ordinary in
the character table. This is the α-th character of degree m in that table. If the table
contains only one character of degree m the index α is omitted. E.g. the restriction
obtained for units of order 2 · 3 for PSL(2, 16) use two ordinary characters χ2/11a
and χ11/17a from CharacterTable("L2(16)");. While for units of order 2 · 5 only
1A file to check the claimed data is available on the website of the first author:
http://homepages.vub.ac.be/abachle/#research .
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the character χ12/17b is used, which is the second character of degree 17 in the table.
See Example 4.10 how to use this information in the implementation of the HeLP
method.
Characters of the form ϕrn/mα refer to Brauer characters modulo r available in the
GAP character table library. The lower indices are to be read in the same way as for
ordinary characters. E.g. the character ϕ33/55a used for PSL(3, 7).2 refers to the third
character of CharacterTable("L3(7).2") mod 3;.
In some situations where the characters available in the GAP character table library
are not sufficient to obtain the maximal possible information induced characters are
used. This happens for two groups containing PSU(3, 8). See Example 4.11, how to
do this.
• The fifth column contains the number of possible non-trivial partial augmentations ob-
tained for the order in the third column. For composite orders this is the minimal possible
number obtainable using the HeLP method. In case they are non-zero, they are set in bold
and they are exactly the critical cases remaining to answer the Prime Graph Question. For
units of prime order the information obtainable with the characters in the GAP character
table library may sometimes not be sufficient to obtain the maximal possible restrictions,
since some Brauer tables are not available in the library. In this cases the given number
are marked with a star. In these situations we are however able to prove the Prime Graph
Question and for this reason we do not aim at obtaining the best possible information.
Table 9. Results of the HeLP-method applied to the almost simple 4-primary groups
Group G Γ(G) o(u) Characters # n.-t. Solutions
S7, S8, S9, S10 [BC17, Theorem 5.1]
A7, A8, A9, A10 [Sal11, Sal13]
PSL(2, 16).4
"L2(16).4"
2 3
5 17
⑧⑧
⑧⑧
⑧⑧
2
2 · 17
3 · 17
5 · 17
Lemma 3.1 (χ2,1b)
χ7/16aC17
χ7/16aC17
χ7/16aC17
PSL(2, 16).2 "L2(16).2" Γ(PSL(2, 16).4)
PSL(2, 16)
"L2(16)"
2 3
5 17
⑧⑧
⑧⑧
⑧⑧
5
2 · 3
2 · 5
Proposition 3.3
χ2/11a, χ11/17a
χ12/17b
2
PSL(2, 25).22
"L2(25).2^2"
2 3
5 13
❄❄
❄❄
❄❄
3 · 5
3 · 13
5 · 13
Theorem 3.5
PSL(2, 25).2c
"L2(25).2 3"
2 3
5 13
2 · 5
2 · 13
Theorem 3.5
PSL(2, 25).2b
"L2(25).2 2"
2 3
5 13
2 · 13 Theorem 3.5
PSL(2, 25).2a
PGL(2, 25)
"L2(25).2 1"
2 3
5 13
❄❄
❄❄
❄❄
2 · 5 Theorem 3.5
PSL(2, 25) "L2(25)" Γ(PSL(2, 25).2c)
PSL(2, 27).6
"L2(27).6"
2 3
7 13
❄❄
❄❄
❄❄
3
3 · 7
3 · 13
7 · 13
Lemma 3.1 (χ2,1b)
χ7/26a
χ7/26aC13
χ7/26aC13
continued
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Group G Γ(G) o(u) Characters # n.-t. Solutions
PSL(2, 27).3
"L2(27).3"
2 3
7 13
2 · 13 χ4/13aC13
PSL(2, 27).2
PGL(2, 27)
"L2(27).2"
2 3
7 13
❄❄
❄❄
❄❄
2
2 · 3
Lemma 3.1 (χ2,1b)
χ2/1b, χ3/26a, χ4/26b 4
PSL(2, 27)
"L2(27)"
2 3
7 13
3
2 · 3
χ2/13a
χ2/13a, χ4/26a
2
12
PSL(2, 49).22
"L2(49).2^2"
2 3
5 7
❄❄
❄❄
❄❄
3 · 5
3 · 7
5 · 7
Theorem 3.5
PSL(2, 49).2c
"L2(49).2 3"
2 3
5 7
2 · 5
2 · 7
Theorem 3.5
PSL(2, 49).2b
"L2(49).2 2"
2 3
5 7
❄❄
❄❄
❄❄
2 · 5 Theorem 3.5
PSL(2, 49).2a
PGL(2, 49)
"L2(49).2 1"
2 3
5 7
2 · 7 Theorem 3.5
PSL(2, 49) "L2(49)" Γ(PSL(2, 49).2c)
PSL(2, 81)
.(C2× C4)
"L2(81).(2x4)"
2 3
5 41
❄❄
❄❄
❄❄
3 · 5
3 · 41
5 · 41
χ13/320a , χ33/164c ,
Lemma 4.3
χ9/82aC41
χ9/82aC41
1
PSL(2, 81).4b
"L2(81).4 2"
2 3
5 41
2
2 · 41
3 · 5
Lemma 3.1 (χ2,1b)
χ2/1b, χ5/82aC41 , Lemma 2.1
χ7/320a, χ20/164a,
Lemma 4.3
1
PSL(2, 81).4a
"L2(81).4 1"
2 3
5 41
2
3
2 · 41
3 · 5
χ2/1b, χ28/164c
χ5/41a, χ9/41e
χ5/41aC41
χ5/41a, χ9/41e, χ32/328a
14*
2*
PSL(2, 81).22
"L2(81).2^2"
2 3
5 41
❄❄
❄❄
❄❄
5
3 · 5
Lemma 4.3
χ5/82a, χ35/82g 10
PSL(2, 81).2c
"L2(81).2 3"
2 3
5 41
5
2 · 3
2 · 41
3 · 5
Lemma 4.3
χ3/82a, χ32/164c
χ14/81a, χ22/82hC41 , Lemma 2.1
χ17/82c , χ18/82d
5
10
PSL(2, 81).2b
PGL(2, 81)
"L2(81).2 2"
2 3
5 41
❄❄
❄❄
❄❄
2
5
2 · 3
3 · 5
Lemma 3.1 (χ2,1b)
Lemma 4.3
χ2/1b, χ3/82a, χ52/82h
χ3/82a, χ48/82d
9
10
PSL(2, 81).2a
"L2(81).2 1"
subgroup of .4a, .4b
Γ(PSL(2, 81).4a)
PSL(2, 81)
"L2(81)"
2 3
5 41
3
2 · 3
χ2/41a, χ3/41b
χ2/41a, χ3/41b, χ28/82d
2
28
continued
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Group G Γ(G) o(u) Characters # n.-t. Solutions
PSL(2, 243).2
PGL(2, 243)
---
2 3
11 61
❄❄
❄❄
❄❄
2 · 3
3 · 11
3 · 61
11 · 61
Remark 4.2
Remark 4.5
Lemma 4.1
Proposition 3.4
28
22251
PSL(2, 243)
---
2 3
11 61
❄❄
❄❄
❄❄
2 · 3
2 · 11
3 · 11
Remark 4.2
Proposition 3.3
Lemma 4.4
≥ 1
PSL(2, p).2
PGL(2, p)
p prime
2 3
p r
❄❄
❄❄
❄❄
2 · p
3 · p
(3 · r)
p · r
Proposition 3.4
PSL(2, p)
p prime
2 3
p r
(2 · 3) Proposition 3.3
PSL(2, 2f )
f ≥ 5,
s = 2f − 1,
r = 2
f+1
3
2 3
r s
⑧⑧
⑧⑧
⑧⑧
2 · 3
2 · r
2 · s
3 · s
r · s
Remark 4.2
Lemma 4.1
Lemma 4.1
Proposition 3.3
Proposition 3.3
2f−2+1
3
PSL(2, 3f ).2
PGL(2, 3f )
f ≥ 7,
s = 3
f
−1
2
, r = 3
f+1
4
2 3
r s
❄❄
❄❄
❄❄
2 · 3
3 · r
3 · s
r · s
Remark 4.2
Lemma 4.1
Lemma 4.1
Proposition 3.4
3f−2 + 1
PSL(2, 3f )
f ≥ 7,
s = 3
f
−1
2
, r = 3
f+1
4
2 3
r s
2 · 3
2 · s
Lemma 4.1
Proposition 3.3
≥ 1
PSL(3, 4).D12
"L3(4).D12"
2 3
5 7
❄❄
❄❄
❄❄
⑧⑧
⑧⑧
⑧⑧
5 · 7 χ7/20a
PSL(3, 4).S3c
"L3(4).3.2 3"
2 3
5 7
⑧⑧
⑧⑧
⑧⑧
2
2 · 7
Lemma 3.1 (χ2,1b)
χ2/1b, χ4/20a
PSL(3, 4).S3b
"L3(4).3.2 2"
2 3
5 7
❄❄
❄❄
❄❄
⑧⑧
⑧⑧
⑧⑧
2
2 · 5
Lemma 3.1 (χ2,1b)
χ2/1b, χ7/105a
PSL(3, 4).6
"L3(4).6"
2 3
5 7
⑧⑧
⑧⑧
⑧⑧
2
2 · 5
2 · 7
Lemma 3.1 (χ2,1b)
χ2/1b, χ13/105a
χ2/1b, χ7/20a
PSL(3, 4).3 = PGL(3, 4)
"L3(4).3"
Γ(PSL(3, 4).6)
PSL(3, 4).2c
"L3(4).2 3"
subgroup of .S3c
2 3
5 7
3 · 5
3 · 7
χ3/20aC5
χ3/20a, χ5/35a
PSL(3, 4).2b
"L3(4).2 2"
subgroup of .S3b
2 3
5 7
❄❄
❄❄
❄❄
3 · 5
3 · 7
χ3/20a
χ3/20a, χ5/35aC7
PSL(3, 4).2a
"L3(4).2 1"
subgroup of .6
2 3
5 7
3 · 5
3 · 7
χ3/20a
χ3/20a, χ5/35a
continued
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Group G Γ(G) o(u) Characters # n.-t. Solutions
PSL(3, 4)
"L3(4)"
2 3
5 7
2 · 3 χ3/35a, χ6/45a 2
PSL(3, 5).2
"L3(5).2"
2 3
5 31
2
5
2 · 31
3 · 5
3 · 31
5 · 31
Lemma 3.1 (χ2,1b)
χ3/30a, χ8/192a
χ3/30aC31
χ3/30a, χ8/192a, χ13/124a
χ3/30aC31
χ3/30aC31
5
6
PSL(3, 5)
PGL(3, 5)
"L3(5)"
2 3
5 31
5
3 · 5
χ2/30, χ6/96a
χ2/30, χ6/96a, χ16/124a
5
6
PSL(3, 7).S3
"L3(7).S3"
2 3
7 19
⑧⑧
⑧⑧
⑧⑧
2
7
2 · 19
7 · 19
Lemma 3.1 (χ2,1b)
χ4/56a, χ12/576a
χ4/56aC19
χ4/56aC19
7
PSL(3, 7).3 = PGL(3, 7)
"L3(7).3"
Γ(PSL(3, 7).6)
PSL(3, 7).2
"L3(7).2"
2 3
7 19
7
3 · 7
3 · 19
ϕ3
3/55a
, ϕ3
7/96a
, ϕ3
9/192
χ3/56a, χ7/152a,
χ9/304, χ10/576a
χ7/152aC19
42
134
PSL(3, 7)
"L3(7)"
2 3
7 19
7
3 · 7
ϕ3
2/55
, ϕ3
4/96a
, ϕ3
5/96b
, ϕ3
6/96c
χ2/56a, χ4/152a, χ5/152b,
χ6/152c , χ7/288a
161
478
PSL(3, 8).6
"L3(8).6"
2 3
7 73
⑧⑧
⑧⑧
⑧⑧
2
3
7
2 · 73
3 · 73
7 · 73
Lemma 3.1 (χ2,1b)
Lemma 3.1 (χ2,1b)
ϕ2
4/18
, ϕ2
6/54a
, ϕ2
7/54
, ϕ2
10/54c
χ7/72aC73
χ7/72aC73
χ7/72aC73
PSL(3, 8).3 "L3(8).3" Γ(PSL(3, 8).6)
PSL(3, 8).2 "L3(8).2" Γ(PSL(3, 8).6)
PSL(3, 8)
PGL(3, 8)
"L3(8)"
2 3
7 73
⑧⑧
⑧⑧
⑧⑧
2 · 3 χ2/7a, χ9/441a 2
PSL(3, 17).2
---
2 3
17 307
2
17
2 · 307
3 · 17
3 · 307
17 · 307
Lemma 4.6, Remark 4.7
17
126
PSL(3, 17)
---
2 3
17 307
17
3 · 17
Remark 4.7 17
126
PSL(4, 3).22
"L4(3).2^2"
2 3
5 13
❄❄
❄❄
❄❄
3
3 · 5
3 · 13
5 · 13
χ5/39a, χ9/52a
χ5/39a, χ9/52a, χ16/260a
χ5/39a, χ11/90a, χ16/260aC13
χ5/39aC13
60*
PSL(4, 3).2c
"L4(3).2 3"
2 3
5 13
2
2 · 13
ϕ3
2/1b
, ϕ3
3/6a
χ2/1b, χ3/52a, χ4/39aC13
4
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Group G Γ(G) o(u) Characters # n.-t. Solutions
PSL(4, 3).2b
"L4(3).2 2"
2 3
5 13
2
2 · 13
ϕ3
2/1b
, ϕ3
3/6a
, ϕ3
4/6b
,
ϕ3
6/15a
, ϕ3
7/15b
, ϕ3
8/19a
χ4/26b, χ7/39aC13
17
PSL(4, 3).2a = PGL(4, 3)
"L4(3).2 1"
Γ(PSL(4, 3).22)
PSL(4, 3)
"L4(3)"
Γ(PSL(4, 3).2c)
PSU(3, 4).4
"U3(4).4"
2 3
5 13
⑧⑧
⑧⑧
⑧⑧
2
5
2 · 13
3 · 13
5 · 13
Lemma 3.1 (χ2,1b)
ϕ2
2/12
, ϕ2
3/16
χ5/12a
χ5/12a
χ9/52
1
PSU(3, 4).2
"U3(4).2"
Γ(PSU(3, 4).4)
PSU(3, 4)
"U3(4)"
2 3
5 13
⑧⑧
⑧⑧
⑧⑧
2 · 3 χ7/39a 1
PSU(3, 5).S3
"U3(5).S3"
2 3
5 7
⑧⑧
⑧⑧
⑧⑧
2
5
2 · 7
5 · 7
Lemma 3.1 (χ2,1b)
χ4/20a, χ10/84a
χ2/1b, χ4/20a
χ4/20a
2
PSU(3, 5).3
"U3(5).3"
Γ(PSU(3, 5).S3)
PSU(3, 5).2
"U3(5).2"
2 3
5 7
5
3 · 5
3 · 7
χ3/20a, χ7/28a, χ9/56
χ3/20a, χ7/28a, χ9/56
χ7/28a
13
PSU(3, 5)
"U3(5)"
Γ(PSU(3, 5).2)
PSU(3, 7).2
"U3(7).2"
2 3
7 43
2
7
2 · 43
3 · 7
3 · 43
7 · 43
Lemma 3.1 (χ2,1b)
χ3/42a, χ10/258a
χ3/42aC43
χ3/42a, χ10/258a , χ29/688a
χ3/42aC43
χ3/42aC43
3
4
PSU(3, 7)
"U3(7)"
2 3
7 43
7
3 · 7
χ2/42, χ10/258a
χ2/42, χ10/258a, χ25/344a
3
4
PSU(3, 8)
.(C3 × S3)
---
2 3
7 19
⑧⑧
⑧⑧
⑧⑧
2
2 · 19
7 · 19
Lemma 3.1 (χ2,1b)
indU3(8)(χ1/1),
indU3(8)(χ23/567a)
indU3(8)(χ2/56)
PSU(3, 8).32
---
2 3
7 19
⑧⑧
⑧⑧
⑧⑧
2 · 7 indU3(8)(χ5/133a)
PSU(3, 8).S3
"U3(8).S3"
Γ(PSU(3, 8)
.(C3 × S3))
PSU(3, 8).6
"U3(8).6"
2 3
7 19
⑧⑧
⑧⑧
⑧⑧
3
3 · 19
ϕ2
2/1b
, ϕ2
4/24
, ϕ2
6/54b
, ϕ2
7/54c
χ7/56a, χ16/133a
428
PSU(3, 8).3c
"U3(8).3 3"
subgroup of .6
2 3
7 19
⑧⑧
⑧⑧
⑧⑧
PSU(3, 8).3b
"U3(8).3 2"
subgroup of .S3
Γ(PSU(3, 8).32)
continued
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Group G Γ(G) o(u) Characters # n.-t. Solutions
PSU(3, 8).3a
"U3(8).3 1"
2 3
7 19
⑧⑧
⑧⑧
⑧⑧
PSU(3, 8).2
"U3(8).2"
Γ(PSU(3, 8).6)
PSU(3, 8)
"U3(8)"
Γ(PSU(3, 8).3c)
PSU(3, 9).4
"U3(9).4"
2 3
5 73
⑧⑧
⑧⑧
⑧⑧
2
3
5
2 · 73
3 · 73
5 · 73
Lemma 3.1 (χ2,1b)
χ5/72a
ϕ3
5/12
, ϕ3
7/14a
χ5/72aC73
χ5/72a, χ15/1168aC73
χ5/72aC73
11
PSU(3, 9).2
"U3(9).2"
Γ(PSU(3, 9).4)
PSU(3, 9)
"U3(9)"
Γ(PSU(3, 9).4)
PSU(4, 3).D8
"U4(3).D8"
2 3
5 7
❄❄
❄❄
❄❄
3
3 · 5
3 · 7
5 · 7
ϕ2
2/20
, ϕ2
3/68
, ϕ2
5/120
χ6/21a, χ11/70a, χ41/420a
χ6/21a, χ11/70a, χ41/420a
χ6/21a
33
PSU(4, 3).4
"U4(3).4"
Γ(PSU(4, 3).D8)
PSU(4, 3).22b
"U4(3).(2^2) {133}"
Γ(PSU(4, 3).D8)
PSU(4, 3).22a
"U4(3).(2^2) {122}"
Γ(PSU(4, 3).D8)
PSU(4, 3).2c
"U4(3).2 3"
2 3
5 7
2
2 · 7
Lemma 3.1 (χ2,1b)
χ2/1b, χ3/21a
PSU(4, 3).2b
"U4(3).2 2"
2 3
5 7
2
2 · 7
ϕ3
2/1b
, ϕ3
3/15a
, ϕ3
4/15b
χ2/1b, χ3/21a, χ9/90a
4
PSU(4, 3).2a
"U4(3).2 1"
Γ(PSU(4, 3).D8)
PSU(4, 3)
"U4(3)"
2 3
5 7
2 · 5 χ3/35a
PSU(5, 2).2
"U5(2).2"
2 3
5 11
⑧⑧
⑧⑧
⑧⑧
2
3
2 · 11
3 · 11
5 · 11
χ2/1b, χ3/10a
ϕ2
2/10
, ϕ2
3/20
, ϕ2
4/24
, ϕ2
6/80b
χ2/1b, χ3/10a, χ11/132
χ5/22, χ8/55a
χ3/10a
3
23
PSU(5, 2)
"U5(2)"
2 3
5 11
⑧⑧
⑧⑧
⑧⑧
2
2 · 5
χ2/10a
χ2/10a, χ6/55a
1
PSp(4, 4).4
"S4(4).4"
2 3
5 17
⑧⑧
⑧⑧
⑧⑧
2
5
2 · 17
3 · 17
5 · 17
χ2/1b, χ5/18a
ϕ2
2/16
, ϕ2
3/32
χ2/1b, χ5/18a, χ9/68a
χ5/18a
χ5/18a
7
1
PSp(4, 4).2 "S4(4).2" Γ(PSp(4, 4).4)
PSp(4, 4) "S4(4)" Γ(PSp(4, 4).4)
continued
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Group G Γ(G) o(u) Characters # n.-t. Solutions
PSp(4, 5).2
"S4(5).2"
2 3
5 13
❄❄
❄❄
❄❄
⑧⑧
⑧⑧
⑧⑧
3
5
3 · 13
5 · 13
ϕ5
3/5a
χ3/26, χ4/40a, χ8/65c, χ23/416
χ3/26C13
χ3/26, χ13/104aC13
1
170
PSp(4, 5)
"S4(5)"
2 3
5 13
⑧⑧
⑧⑧
⑧⑧
2
2 · 13
ϕ5
2/5
χ2/13aC13
1
PSp(4, 7).2
"S4(7).2"
2 3
5 7
❄❄
❄❄
❄❄
3
7
3 · 5
5 · 7
Lemma 4.8, Remark 4.9 1
≥ 518
≥ 4
PSp(4, 7)
"S4(7)"
2 3
5 7
❄❄
❄❄
❄❄
2
7
2 · 5
5 · 7
Lemma 4.8, Remark 4.9 1
≥ 4700
≥ 9
PSp(4, 9).22
"S4(9).2^2"
2 3
5 41
❄❄
❄❄
❄❄
⑧⑧
⑧⑧
⑧⑧
3
5
3 · 41
5 · 41
χ5/82a, χ7/288a, χ11/369a
χ5/82a, χ7/288a, χ25/1312a
χ5/82a, χ7/288aC41
χ21/450aC41
52*
343*
PSp(4, 9).2c
"S4(9).2 3"
2 3
5 41
⑧⑧
⑧⑧
⑧⑧
2
2 · 41
χ3/82
χ3/82, χ4/288aC41
9*
PSp(4, 9).2b
"S4(9).2 2"
Γ(PSp(4, 9).22)
PSp(4, 9).2a
"S4(9).2 1"
2 3
5 41
⑧⑧
⑧⑧
⑧⑧
2
2 · 41
χ2/1b, χ3/41a, χ4/41b,
χ5/41c, χ6/41d
χ3/41a, χ4/41b, χ7/288aC41
107*
PSp(4, 9) "S4(9)" Γ(PSp(4, 9).2a)
PSp(6, 2)
"S6(2)"
2 3
5 7
⑧⑧
⑧⑧
⑧⑧
2
3
2 · 7
3 · 7
5 · 7
χ2/7, χ3/15, χ4/21a
ϕ2
2/6
, ϕ2
3/8
, ϕ2
4/14
χ2/7, χ4/21, χ7/35a
χ2/7, χ3/15
χ2/7
40
3
PΩ+(8, 2).S3
"O8+(2).3.2"
2 3
5 7
❄❄
❄❄
❄❄
⑧⑧
⑧⑧
⑧⑧
5 · 7 χ4/28a
PΩ+(8, 2).3
"O8+(2).3"
2 3
5 7
⑧⑧
⑧⑧
⑧⑧
2
2 · 7
χ4/28a, χ8/50a
χ4/28a, χ7/105a
49
PΩ+(8, 2).2
"O8+(2).2"
2 3
5 7
❄❄
❄❄
❄❄
⑧⑧
⑧⑧
⑧⑧
3
3 · 7
ϕ2
2/8
, ϕ2
3/16
, ϕ2
4/26
, ϕ2
5/48
χ3/28a, χ5/35a,
χ7/70a, χ10/84a
16
PΩ+(8, 2)
"O8+(2)"
2 3
5 7
⑧⑧
⑧⑧
⑧⑧
Sz(8)
"Sz(8)"
2 5
7 13
7
2 · 5
2 · 7
2 · 13
5 · 7
5 · 13
7 · 13
ϕ2
2/4a
χ4/35a
χ4/35aC7
χ2/14aC13
χ2/14aC7
χ2/14aC13
χ2/14aC13
3
continued
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Group G Γ(G) o(u) Characters # n.-t. Solutions
Sz(32).5
"Sz(32).5"
2 5
31 41
5
41
2 · 31
2 · 41
5 · 31
5 · 41
31 · 41
Lemma 3.1 (χ2,1b)
ϕ2
6/20
χ6/124a, χ18/1024aC31
χ6/124aC41
χ6/124aC31
χ6/124aC41
χ6/124aC31
Sz(32)
"Sz(32)"
2 5
31 41
2 · 5 χ2/124a 2
G2(3).2
"G2(3).2"
2 3
7 13
2
3
2 · 13
3 · 7
3 · 13
7 · 13
Lemma 3.1 (χ2,1b)
ϕ7
3/14a
, ϕ7
5/64a
, ϕ7
9/78a
,
ϕ7
11/92a
, ϕ7
14/103a
χ14/104a , χ20/896
ϕ13
3/14a
, ϕ13
5/64a
, ϕ13
9/78a
,
ϕ13
11/91a
, ϕ13
16/167a
, ϕ13
20/434a
χ3/14a, χ5/64a, χ11/91a
χ3/14a
242
G2(3)
"G2(3)"
2 3
7 13
2 · 7 χ2/14, χ3/64a
3D4(2).3
"3D4(2).3"
2 3
7 13
⑧⑧
⑧⑧
⑧⑧
2
3
7
2 · 13
3 · 13
7 · 13
χ7/52a
ϕ2
2/1b
, ϕ2
4/24
, ϕ2
5/26a
, ϕ2
6/26b
ϕ2
4/24
, ϕ2
5/26a
χ4/26a, χ10/196a
χ2/1b, χ4/26a, χ5/26b
χ7/52a
3
140
3D4(2) "3D4(2)" Γ(3D4(2).3)
2F4(2)′.2
"2F4(2)’.2"
2 3
5 13
2
2 · 13
3 · 5
3 · 13
5 · 13
χ3/52
χ8/78a, χ10/300a
χ4/27a
χ4/27a
χ4/27a
5
2F4(2)′ "2F4(2)’" Γ(2F4(2)′.2)
M11 "M11" [BK07]
M12.2 "M12.2" [KK15]
M12 "M12" [BKS07]
J2.2 "J2.2" [KK15]
J2 "J2" [BJK11]
Remark 5.1. Note that there are more almost simple groups with 4-primary socle, but these are
not 4-primary themselves and thus not listed in Table 9. Namely this is the automorphism group
of Sz(8), having 3 as an additional prime divisor, the automorphism groups of PSL(2, 2f) and
PSL(2, 3f) and a degree f -extension of PSL(2, 3f), where the group either appears in the series
PSL(2, 3f) described in Proposition 1.2 or 3f = 35. Note that in the case that PSL(2, 3f ) is
4-primary, f has to be a prime if f ≥ 5. This follows easily from Proposition 1.2 and [Wil09,
3.3.4].
Acknowledgements
We are grateful to Christof So¨ger and Sebastian Gutsche for helping us to solve linear inequalities
on computers. We thank Thomas Breuer for help with the GAP Character Table Library. We also
want to thank the referee for improving the presentation in the article.
PRIME GRAPH QUESTION FOR INTEGRAL GROUP RINGS OF 4-PRIMARY GROUPS I 31
References
[AH88] P.J. Allen and C. Hobby, A characterization of units in ZS4, Comm. Algebra 16 (1988), no. 7, 1479–
1505.
[BC17] A. Ba¨chle and M. Caicedo, On the Prime Graph Question for Almost Simple Groups with an Alter-
nating Socle, Internat. J. Algebra Comput. 27 (2017), no. 3, 333–347.
[BCM01] Y. Bugeaud, Z. Cao, and M. Mignotte, On simple K4-groups, J. Algebra 241 (2001), no. 2, 658–668.
[BCP97] W. Bosma, J. Cannon, and C. Playoust, The Magma algebra system. I. The user language, J. Symbolic
Comput. 24 (1997), no. 3-4, 235–265, Computational algebra and number theory (London, 1993).
[BH08] V. Bovdi and M. Hertweck, Zassenhaus conjecture for central extensions of S5, J. Group Theory 11
(2008), no. 1, 63–74.
[BIS16] W. Bruns, B. Ichim, and C. So¨ger, The power of pyramid decomposition in Normaliz, J. Symbolic
Comput. 74 (2016), 513–536.
[BJK11] V.A. Bovdi, E. Jespers, and A.B. Konovalov, Torsion units in integral group rings of Janko simple
groups, Math. Comp. 80 (2011), no. 273, 593–615.
[BK07] V.A. Bovdi and A.B. Konovalov, Integral group ring of the first Mathieu simple group, Groups St. An-
drews 2005. Vol. 1, London Math. Soc. Lecture Note Ser., vol. 339, Cambridge Univ. Press, Cambridge,
2007, pp. 237–245.
[BKS07] V.A. Bovdi, A.B. Konovalov, and S. Siciliano, Integral group ring of the Mathieu simple group M12,
Rend. Circ. Mat. Palermo (2) 56 (2007), no. 1, 125–136.
[BM15a] A. Ba¨chle and L. Margolis, HeLP – A GAP package for torsion units in integral group rings, submitted
(2015), 6 pages, arXiv:1507.08174[math.RT].
[BM15b] , HeLP – Hertweck-Luthar-Passi method, GAP package, Version 2.2,
http://homepages.vub.ac.be/abachle/help/ , 2015.
[BM17] , Rational conjugacy of torsion units in integral group rings of non-solvable groups, Proc. Edinb.
Math. Soc. (2017), 1–18, In press.
[Bre12] T. Breuer, The GAP Character Table Library, Version 1.2.1,
http://www.math.rwth-aachen.de/~Thomas.Breuer/ctbllib, May 2012, GAP package.
[Bur76] R. Burkhardt, Die Zerlegungsmatrizen der Gruppen PSL(2, pf ), J. Algebra 40 (1976), no. 1, 75–96.
[CMdR13] M. Caicedo, L. Margolis, and A´. del R´ıo, Zassenhaus conjecture for cyclic-by-abelian groups, J. Lond.
Math. Soc. (2) 88 (2013), no. 1, 65–78.
[CR87] C.W. Curtis and I. Reiner, Methods of representation theory. Vol. II, Pure and Applied Mathematics
(New York), John Wiley & Sons, Inc., New York, 1987, With applications to finite groups and orders,
A Wiley-Interscience Publication.
[CR90] , Methods of representation theory. Vol. I, Wiley Classics Library, John Wiley & Sons, Inc.,
New York, 1990, With applications to finite groups and orders, Reprint of the 1981 original, A Wiley-
Interscience Publication.
[Dic58] L.E. Dickson, Linear groups: With an exposition of the Galois field theory, with an introduction by W.
Magnus, Dover Publications, Inc., New York, 1958.
[Dip85] R. Dipper, On the decomposition numbers of the finite general linear groups. II, Trans. Amer. Math.
Soc. 292 (1985), no. 1, 123–133.
[Fei71] W. Feit, The current situation in the theory of finite simple groups, Actes du Congre`s International
des Mathe´maticiens (Nice, 1970), Tome 1, Gauthier-Villars, Paris, 1971, pp. 55–93.
[GAP15] The GAP Group, GAP – Groups, Algorithms, and Programming, Version 4.7.8, 2015,
http://www.gap-system.org.
[Gor69] D. Gorenstein, Finite groups the centralizers of whose involutions have normal 2-complements, Canad.
J. Math. 21 (1969), 335–357.
[HB82] B. Huppert and N. Blackburn, Finite groups. III, Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences], vol. 243, Springer-Verlag, Berlin-New York, 1982.
[Her01] M. Hertweck, A counterexample to the isomorphism problem for integral group rings, Ann. of Math.
(2) 154 (2001), no. 1, 115–138.
[Her06] , On the torsion units of some integral group rings, Algebra Colloq. 13 (2006), no. 2, 329–348.
[Her07] , Partial augmentations and Brauer character values of torsion units in group rings, 16 pages,
arXiv:math/0612429[math.RA].
[Her08] , Zassenhaus conjecture for A6, Proc. Indian Acad. Sci. Math. Sci. 118 (2008), no. 2, 189–195.
[His90] G. Hiss, The number of trivial composition factors of the Steinberg module, Arch. Math. (Basel) 54
(1990), no. 3, 247–251.
[HL00] B. Huppert and W. Lempken, Simple groups of order divisible by at most four primes, Proc. F. Scorina
Gomel State University 16 (2000), no. 3, 64–75.
[HP72] I. Hughes and K.R. Pearson, The group of units of the integral group ring ZS3, Canad. Math. Bull. 15
(1972), 529–534.
[Hup67] B. Huppert, Endliche Gruppen. I, Die Grundlehren der Mathematischen Wissenschaften, Band 134,
Springer-Verlag, Berlin-New York, 1967.
32 ANDREAS BA¨CHLE AND LEO MARGOLIS
[Jam90] G. James, The decomposition matrices of GLn(q) for n ≤ 10, Proc. London Math. Soc. (3) 60 (1990),
no. 2, 225–265.
[JdR16a] E. Jespers and A´. del R´ıo, Group ring groups. Volume 1: Orders and generic constructions of units,
Berlin: De Gruyter, 2016.
[JdR16b] , Group ring groups. Volume 2: Structure theorems of unit groups, Berlin: De Gruyter, 2016.
[Jor07] H.E. Jordan, Group-Characters of Various Types of Linear Groups, Amer. J. Math. 29 (1907), no. 4,
387–405.
[Kim06] W. Kimmerle, On the prime graph of the unit group of integral group rings of finite groups, Groups,
rings and algebras, Contemp. Math., vol. 420, Amer. Math. Soc., Providence, RI, 2006, pp. 215–228.
[KK11] A.S. Kondrat’ev and I.V. Khramtsov, On finite tetraprimary groups, Tr. IMM UrO RAN 17 (2011),
no. 4, 142–159 (Russisch), Englische Version in Proc. Steklov Inst. Math. (Suppl.) 279 (2012), no. 1,
43-61.
[KK15] W. Kimmerle and A.B. Konovalov, Recent advances on torsion subgroups of Integral Group Rings,
Proc. of Groups St Andrews 2013 (2015), 331–347.
[KK17] W. Kimmerle and A. Konovalov, On the Gruenberg–Kegel graph of integral group rings of finite groups,
Internat. J. Algebra Comput. 27 (2017), no. 6, 619–631.
[LP89] I.S. Luthar and I.B.S. Passi, Zassenhaus conjecture for A5, Proc. Indian Acad. Sci. Math. Sci. 99
(1989), no. 1, 1–5.
[LT91] I.S. Luthar and P. Trama, Zassenhaus conjecture for S5, Comm. Algebra 19 (1991), no. 8, 2353–2362.
[MK15] V.D. Mazurov and E.I. Khukhro, Unsolved problems in Group Theory. The Kourovka Notebook. No.
18 (english version), arXiv:1401.0300v6[math.GR], 2015.
[MRSW87] Z. Marciniak, J. Ritter, S.K. Sehgal, and A. Weiss, Torsion units in integral group rings of some
metabelian groups. II, J. Number Theory 25 (1987), no. 3, 340–352.
[Sal11] M. Salim, Kimmerle’s conjecture for integral group rings of some alternating groups, Acta Math. Acad.
Paedagog. Nyha´zi. (N.S.) 27 (2011), no. 1, 9–22.
[Sal13] , The prime graph conjecture for integral group rings of some alternating groups, Int. J. Group
Theory 2 (2013), no. 1, 175–185.
[Sch07] I. Schur, Untersuchungen u¨ber die Darstellungen der endlichen Gruppen durch gebrochene lineare
Substitutionen, J. Reine Angew. Math. 132 (1907), 85–137.
[SF73] W.A. Simpson and J.S. Frame, The character tables for SL(3, q), SU(3, q2), PSL(3, q), PSU(3, q2),
Canad. J. Math. 25 (1973), 486–494.
[Shi91] W.J. Shi, On simple K4-groups, Chinese Science Bull. 36 (1991), no. 17, 1281–1283, (Chinese).
[tt] 4ti2 team, 4ti2—a software package for algebraic, geometric and combinatorial problems on linear
spaces, Available at www.4ti2.de, Version 1.6.7.
[Wei88] A. Weiss, Rigidity of p-adic p-torsion, Ann. of Math. (2) 127 (1988), no. 2, 317–332.
[Wei91] , Torsion units in integral group rings, J. Reine Angew. Math. 415 (1991), 175–187.
[Whi90a] D.L. White, The 2-decomposition numbers of Sp(4, q), q odd, J. Algebra 131 (1990), no. 2, 703–725.
[Whi90b] , Decomposition numbers of Sp(4, q) for primes dividing q ± 1, J. Algebra 132 (1990), no. 2,
488–500.
[Whi92] , Brauer trees of Sp(4, q), Comm. Algebra 20 (1992), no. 3, 645–653.
[Wil09] R.A. Wilson, The finite simple groups, Graduate Texts in Mathematics, vol. 251, Springer-Verlag
London, Ltd., London, 2009.
[WPN+11] R.A. Wilson, R.A. Parker, S. Nickerson, J.N. Bray, and T. Breuer, Atlas-
Rep, A GAP Interface to the Atlas of Group Representations, Version 1.5,
http://www.math.rwth-aachen.de/~Thomas.Breuer/atlasrep , July 2011, Refereed GAP package.
[Zas74] H.J. Zassenhaus, On the torsion units of finite group rings, Studies in mathematics (in honor of A.
Almeida Costa), Instituto de Alta Cultura, Lisbon, 1974, pp. 119–126.
Vakgroep Wiskunde, Vrije Universiteit Brussel, Pleinlaan 2, 1050 Brussels, Belgium
E-mail address: abachle@vub.ac.be
Departamento de matema´ticas, Facultad de matema´ticas, Universidad de Murcia, 30100 Murcia, Spain
E-mail address: leo.margolis@um.es
